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Analysis of Rotation—Vibration Relative Equilibria
on the Example of a Tetrahedral Four Atom Molecule*
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Abstract. We study relative equilibria (RE) of a nonrigid molecule, which vibrates about a well-defined equi-
librium configuration and rotates as a whole. Our analysis unifies the theory of rotational and
vibrational RE. We rely on the detailed study of the symmetry group action on the initial and
reduced phase space of our system and consider the consequences of this action for the dynamics of
the system. We develop our approach on the concrete example of a four-atomic molecule A4 with
tetrahedral equilibrium configuration, a dynamical system with six vibrational degrees of freedom.
Further applications and illustrations of our results can be found in [van Hecke et al., Fur. Phys.
J. D At. Mol. Opt. Phys., 17 (2001), pp. 13-35].
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1. Introduction. This paper unifies modern methods of classical theory of symmetric
Hamiltonian dynamical systems and quantum theory of molecules (and other isolated finite-
particle systems). Considerable progress was achieved in both directions in the last decades
and deep relations between these seemingly distant theories became evident. Significant effort
by mathematicians and molecular physicists to converge the two fields resulted in the qual-
itative theory of highly excited quantum molecular systems based on recent mathematical
developments. We join the two approaches and demonstrate what kind of concrete results
can be immediately obtained in molecular systems [1, 2, 3, 4] by applying powerful meth-
ods of symmetric Hamiltonian systems [5, 6, 7, 8, 9, 10, 11]. We choose a concrete problem
of rotation—vibration of a four-atomic molecule with tetrahedral equilibrium configuration
[12, 13] in order to explain the details of our approach.

1.1. Vibrational relative equilibria or nonlinear normal modes. Montaldi, Roberts, and
Stewart [14, 15, 16] gave a general description of periodic solutions near equilibria of symmetric
Hamiltonian systems: the so-called nonlinear normal modes or relative equilibria (RE). They
related the number of RE to the symmetry group of the system and showed, on several
examples of bound systems of vibrating particles, that this number can be significantly larger
than the number of vibrational degrees of freedom. This mathematical result was not fully
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appreciated by molecular physicists until it was reproduced by an alternate technique [17,
18, 19] based on the analysis of the reduced system in the so-called polyad approximation,
a generalization of the approximation used for two-oscillator systems in [20, 21, 22, 23, 24,
25, 26, 27] and others. It was shown that fixed points of the symmetry group action on the
reduced phase space correspond to vibrational RE. Later work [28, 29, 30]' uncovered more
fully the correspondence of both approaches and bridged the differences in their tools and
terminology.

1.2. Rotational RE or stationary axes of rotation. Similar analysis of stationary points
of the reduced rotational system [31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43] was initiated
in molecular physics even before the analysis of vibrational RE. In terms of symmetric Ha-
miltonian systems [45, 46, 44], this analysis is equivalent to studying rotational RE [28, 29].
This was demonstrated in the recent study [12] of the rotational structure of the tetrahedral
molecule Py [47],2 where the energy of rotational RE is derived from the parameters of the
internuclear potential. Our present analysis extends the method in [12] to rotation—vibration
Systems.

1.3. Applications in molecular physics and spectroscopy. Classical analysis of different
kinds of RE is used for the description of molecular energy level spectra on the basis of
the classical quantum correspondence principle, which links the topological description of
the classical dynamical system to such qualitative aspects of quantum spectra as existence
of bands, polyads, clusters, and their persistence under small modifications of parameters.
Some of these qualitative characteristics are discussed in the present paper. Review articles
[48, 49, 50, 51, 52, 53]% give more examples of molecular applications and initiation to formal
theory.

Much of the work in molecular spectroscopy is done using so-called effective model Hamil-
tonians Heg, which describe explicitly only a fraction of degrees of freedom of the system and
treat other degrees effectively. In other words, Heg describe reduced systems, where reduction
is based on a model assumption of approximate separability and/or approximate dynamical
symmetries. Equilibria (stationary points) of Heg are RE of the initial system.

In practice, reduction often remains only an abstract theoretical possibility because param-
eters in the full initial molecular Hamiltonian are unknown. So, parameters of Hog are simply
fitted to experimental data. Classical analogues of such phenomenological model Hamiltoni-
ans can be constructed if excitation is sufficiently high to validate the classical limit. When,
as it is often the case, only some degrees of freedom described by H.g (e.g., rotation) can
be meaningfully treated as classical, the rest (e.g., vibration) is kept quantum. The energies
of such hybrid “semiquantum” systems are eigenvalues that depend on the dynamical vari-
ables of the classical subsystem. The most well-known example of semiquantum energy is the
rotational energy surfaces of vibration-rotation systems [36, 35, 41].

!The approach of Montaldi and Roberts is less oriented to the reduced problem and thus can be potentially
extended to molecules in which separation of vibration and rotation and the introduction of the molecule-fixed
frame is problematic. For the relatively rigid molecules, we consider their approach as being equivalent to ours.

2 Among the few different molecules of type A4, the phosphorus Py is studied experimentally; see [47].

30ur approach follows closely the ideas in [48, 49, 50], which review group actions and their applications
in physics.
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The semiquantum approach turned out to be very fruitful, and numerous vibration-
rotation systems at low vibrational excitation were analyzed in great detail [37, 38, 18, 54, 55,
56, 42, 57, 43, 58]. In particular, typical (universal) modifications of the cluster structure of
the energy level spectrum, or quantum bifurcations, were described in terms of modifications
of the set of stationary points of the energy surfaces. Direct, explicit relation of these station-
ary points to classical RE was established recently in [58, 13]. Other important qualitative
quantum phenomena include rearrangements (crossings) of energy level bands [59, 43, 60] and
quantum monodromy [61, 62], which are interpreted as crossings of semiquantum energies and
are also related to classical RE [60, 63, 64, 65].

1.4. Main idea. We combine recent theories of rotational RE and vibrational nonlin-
ear normal modes in order to study the rotation—vibration problem. Using symmetry and
topology, we find particular solutions (critical orbits) common to a whole class of model sys-
tems with given symmetry and with different potentials. Subsequently, we define a concrete
potential, normalize the classical system, and construct explicitly the effective Hamiltonian
H.g. Using this Hamiltonian, we obtain quantitative predictions for concrete molecular mod-
els, which illustrate general qualitative results. We explain our approach in the example of
rotation—vibration of the four-atomic homonuclear molecule A4 with tetrahedral equilibrium
configuration [47].

2. Basic aspects of the analysis. We review certain general definitions, which are used
later in the paper, and give the plan of the analysis.

2.1. Symmetry group Ty and its extensions. Along with translation and rotational sym-
metry, which are present for any isolated finite-particle system in the absence of external fields,
each molecule possesses its own internal symmetry related to the existence of identical par-
ticles. The symmetry group of our system originates from the spatial symmetry group Ty
of the tetrahedral equilibrium configuration of A4 and momentum reversal 7, which in the
original system sends (gq,p) to (¢,—p), and is discussed in more detail in section 3.1. Our
initial Hamiltonian is invariant with respect to these symmetries. As an abstract group, Ty
is the permutation group of four identical objects. We use the Schonflis point group notation
[67, 66], which is standard in molecular physics. Irreducible representations of Ty are most
frequently labeled in molecular physics as A;, Az (one-dimensional), E (two-dimensional),
and F, Fy (three-dimensional).

2.2. Vibrational degrees of freedom of an A4 molecule. The A4 molecule has six vibra-
tional degrees of freedom, which constitute the nondegenerate “breathing” mode A;, and the
doubly and triply degenerate modes E and F5. The spectroscopic notation of these modes is
1/{4 Lok Vg 2. We use a simplified notation for the coordinates and conjugate momenta of the

modes given in Table 1 and we also use classical complex oscillator variables
(2.1) z=q-+ip, Z=q—1ip.

The zero order vibrational Hamiltonian Hy of A4 represents a l-oscillator, a 1:1 oscillator,
and a 1:1:1 oscillator with frequencies wy,, wg, and wg,, respectively.

2.3. Rotation—vibration Hamiltonian. Assuming that the static equilibrium configura-
tion of A4 about which the atoms are vibrating is well defined and the amplitudes of vibrations
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Table 1
Notation for wvibrational and rotational dynamical variables of the As molecule. Expression of angular
momenta jo in terms of dynamical variables of a two-dimensional oscillator (Schwinger representation) is used
in this table and throughout the paper.

Subsystem  Traditional notation This paper

F2 mode qk2, pl2 a =2,y 2 qi, pi,1=1,2,3
E mode aZ, pf a=aborl,2 g, pi,i=4,5
Ay mode g, pM Ga, Pa

rotation momenta jo, ¢ =2,Y,2  gi, pi, L =6,7

are small, we can separate molecular rotation and define the frame rotating with the molecule.
The molecule is isolated, external fields are absent, and translation of the center of mass is
therefore excluded.

To derive the rotation—vibration Hamiltonian H, we can follow the procedure described
in Chapter 11 of [1] and, more rigorously, in Chapter 7.10 of [68]. The molecule-fixed frame
is related to the equilibrium configuration by the Eckart conditions. The kinetic energy T is
a complicated function

(2.2) 2= m (A (R +1))% + 17 + 20(r; A 1))

of small vibrational displacement velocities and angular velocities defined with respect to
this frame. The intramolecular potential U can be simply written in terms of vibrational
coordinates. The Hamiltonian form requires rotational angular momenta j, defined in the
molecule-fixed frame, and vibrational coordinates ¢ and momenta p.

To put the initial Hamiltonian in the form suitable for normalization, we Taylor expand
H =1T(q,p,j)+Ul(q) in ¢ and rescale (p, q) to bring the harmonic part to the standard form.
We then express the components of j in terms of coordinates and momenta of the auxiliary two-
dimensional harmonic oscillator in order to treat vibrational and rotational variables in the
same way and use complex variables z in (2.1). The resulting formal power series expression

(23) H:w(H0+€H1+62H2+53H3+...)

is the starting point of the normal form transformation.

We use the concrete example of the phosphorus molecule P4 with the tetrahedral equi-
librium configuration and harmonic atom-atom bond potential [13] to illustrate our results.
The only two molecular parameters in this example are the energy scale w and the dimen-
sional smallness parameter ¢ = (km7r)~! in the series expansion. Here 7, m, and k stand
for the interatomic distance, the mass of the atoms, and the force constant of the potential,
respectively. The values of € and w can be used as phenomenological parameters to reproduce
experimental data qualitatively: ¢ ~ 2 x 1072 and w =~ 329 cm~! for P4 [13].

2.4. Reduced system. The approximate dynamical symmetry of the system with Hamil-
tonian (2.3) is defined by the zero order term Hp. We suppose that the frequencies vg4,, vg,
and vp, are incommensurate; i.e., we assume the absence of any resonances between different
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vibrational modes. In such a case, we can introduce reduced phase spaces for each of the sub-
systems simultaneously. The total reduced phase space is the product of these spaces. The
normal form H.g is an effective rotation—vibration Hamiltonian describing polyads of nonreso-
nant modes A;, E, and Fy. For simplicity, we neglect the A; mode (i.e., we set g = ph = 0)
and focus on modes E and F5.

2.4.1. Rotational subsystem; rotational space S?. Conservation of the total angular
momentum is the consequence of the isotropy of physical space (in the absence of external
fields). The rotational dynamical variables j, (o = 1,2,3) are subjected to the constraint
j2 + j3 + j3 = const and the rotational phase space is a two-dimensional sphere S?, which
can be constructed in the space R? with coordinates j,. For the auxiliary two-dimensional
oscillator, used to represent the momenta j, (Table 1), the restriction j? = const is equivalent
to fixing the sum of two actions.

2.4.2. E-mode subsystem, vibrational space CP! ~ S2. Exploiting the well-known
equivalence of the two-dimensional 1:1 harmonic oscillator and an angular momentum system,
we introduce vibrational angular momenta vy, vs, vs [69, 20, 21]. The internal structure of
vibrational polyads formed by the doubly degenerate vibrational mode E can be described in
terms of these dynamical variables. The E-mode polyad sphere S? is defined by the equation

v% —i—vg —i—vg = ng = const

in the ambient space R® with coordinates (v1,v2,v3). Any point on this sphere is uniquely
represented by the values of (v1,v2,v3) if we keep in mind that v? + v3 + v3 is a constant.
The diffeomorphic space CP! can be defined in Cy — {0} using the equivalence class of points
z4:25. Two complex numbers (z4, z5) can be used as coordinates on (CPﬂlje if their modules are
restricted as

|2af® + |25]* = 2ne

and all pairs (24, 25), which differ in a common phase factor ¢, correspond to the same point
of CP!. For example, coordinates (vy, v, v3) = (0,1,0) and (24, 25) = (1, —i) = (¢, e@~7/2)
define the same point.

2.4.3. F>-mode subsystem; vibrational space CP2. Generalization of the above con-
struction for the Fy-mode 1:1:1 oscillator [17, 18, 70] leads to the reduced phase space CP? Iz
The approximate integral of motion equals

%(2121 + 29%p + 23%3) = ny ~ const,

and (z1, 29, 23) can be used as coordinates on CP2. In fact, we can define a point on the CP*
space as an equivalence class of points on Cy1 given by their homogeneous coordinates z; :
Zg 1+ zpy1 or, equivalently, as a class of points on (21, 22, ..., 2k+1) € Ck41 defined up to a
common phase (21, 22, ..., 2k1) ~ (21, 20, ..., 2p41) and such that |21]? + |22 24 - -+ |z041]?
is a constant.
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2.4.4. Full reduced phase space CP? x CP' x S2. Before reduction, our initial molecular
system has five vibrational degrees of freedom (if the nondegenerate A; mode is neglected) and
two auxiliary oscillatory degrees of freedom introduced to describe the rotational subsystem.
Three independent reductions fix the strict integral of motion j (the amplitude of the total
angular momentum) and polyad integrals n. and ny of the doubly degenerate mode E and
the triply degenerate mode F5. The reduced system is left with only four degrees of freedom.
Reduction makes the topology of the reduced phase space more complicated. The total reduced
space is a direct product of the rotational phase sphere, S?, FE-mode vibrational polyad sphere
(CP,}c ~ §2, and Fy-mode vibrational polyad phase space CP2 I’z Omitting extra indexes and
shortening the notation, we represent the topology of the reduced phase space simply as
CP? x CP' x S?, where S? and CP! stand for the rotational and vibrational E-mode phase
spaces, respectively.

2.4.5. Normal form. Once the Hamiltonian function H is in the oscillator form (2.3), we
can normalize it using the standard Lie transform method [71, 72, 73, 74]. All odd orders
[odd degrees in (z, z)] vanish in the normal form

(2.4) Hor = w(Ho + €€Ho + e Hy + SHe +---),

which is a power series in €2. To obtain the reduced Hamiltonian H.g, the terms Hsgp in

(2.4) should be expressed as functions of basic invariant polynomials (of all generators of
the algebra of invariant polynomials) on the reduced phase space CP? x CP! x S2. Due to
algebraic dependencies between generators (or “sygyzies”) a special polynomial basis should
be constructed. A general solution to this problem is provided by a Groébner basis. Two more
specialized polynomial bases—an integrity basis used in invariant theory, and a tensorial basis
used by spectroscopists to represent effective Hamiltonians—can be used. We further discuss
these bases in section 6.4.

2.5. Scheme of the analysis. Our analysis of a finite-particle quantum system includes
several steps: (i) construction of the initial complete classical Hamiltonian H and of the cor-
responding quantum operator; (ii) reduction of H, taking into account strict and approximate
integrals of motion, i.e., the “model”; (iii) analysis of classical RE, relative periodic orbits,
and invariant submanifolds;

(iv) interpretation in terms of quantum energy spectrum. Each step has a general part
and a concrete part. Many important general results follow from the topology of the reduced
phase space and the symmetry group action on it, i.e., from the model.

In the first half of the paper, which includes sections 4 and 5, we find as much information
about our system as possible before any concrete interaction potential bounding the particles is
introduced explicitly and even before any dynamics is studied. After establishing the topology
of the reduced phase space CP? x CP! x S? and the invariance symmetry group 7, x 7 of our
system, we study the action of the group Ty x 7 on CP? x CP! x S%. To this end, we first
consider the action on the individual factor spaces CP%, CP', and S? and then extend it to
the full reduced space. Time reversal 7 and other reversing symmetries, which include 7, are
antisymplectic and should be treated differently from purely spatial symplectic symmetries.

We assume that the reduced Hamiltonian Hg is a generic Ty X 7 invariant Morse function
on CP? x CP! x S?. The RE of our system are stationary points of Heg, which exist anywhere
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Table 2

Classes of conjugated and invariant subgroups of the Ty x T group. Part 1.

Class? Structure® Description and comments
Subgroups of order 1
1 Gy {1} Trivial subgroup.
Subgroups of order 2
1 7 {1,7} Momentum (or time) reversal, also denoted as Zs.
6 Cs {1,0%} Reflection in a plane, Ty has six conjugated operations o“.
6 7 {1,7:} Simultaneous reflection and time reversal,® also denoted as (o7
or (0Z3).
3 Co {1,C2} Rotation by 7 around one of axes Sf, a = (z,y, 2).
3 T {1, 72} Rotation by 7 and time reversal,® also denoted as (C27) or (C2Z2).
Subgroups of order 3
3 Cs {1,Cs, Cc? } Cyclic rotational subgroups corresponding to four different C'5 axes
of the T, group.
Subgroups of order 4
1 Do {1,C3,CY,C3} An invariant subgroup of the Ty group.
3 S {1, 84,C2, 53} Cyclic groups generated by the S§ operations a = (z,y, 2).
3 N {1,7T54,C2, T 4} Cyclic groups generated by the S§ o T = 7}, operations.’
3 CoxTz {1,0%,72,75} (a,b,c) is one of the three cyclic permutations of (z,y, 2).°
6 CoxT2 {l,0",77,77%} These correspond to six different choices of the o%' symmetry
plane.® 78
3 Oy {1,C%,0%,0%2} Subgroup of T,. Axis a is one of (z,v,2).”
3 CoxT7, {1,C3,77',772}  Obtained from Cs, by combining two reflections and time rever-
sal”®
3 CoxT {1,C2, 7,13} direct product of C§ and time reversal. Axis a is one of (z,y, z)°
6 Csx7T {1,0,7,7.} corresponding to one of the six conjugated symmetry planes o of
the Ty group.®
Subgroups of order 6
4 Cs3xT {1,Cs5,C3, Direct product of C's and time reversal 7 corresponding to four
T,C:7T,C3T 1 different axes Cs.
4 Csy {1,2C3,30} Conjugated subgroups of the spatial symmetry group Tj.
4  CsNT; {1,2C5,37,} This group has 7; instead of o4 in Cs, and is isomorphic to Cs, as

an abstract group.®

close to the limit of linearization (i.e., at any arbitrarily small perturbation €). In the simplest
case, RE are entirely defined by the finite symmetry T; X 7 of our system. They lie on the
critical orbits of the Ty x T action on CP? x CP! x §? (they are isolated fixed points of
this action). The position of these orbits is independent of the interaction potential (and
thus of the particular Hamiltonian). We combine information about critical orbits on each
of the factor spaces of CP? x CP! x S? in order to find all critical orbits on the total space.
Considering Morse theory requirements, local symmetry, and local symplectic coordinates, we

suggest possible stabilities of RE.

Sections 6-9 focus on the dynamical analysis of the reduced system; concrete applications
are presented in sections 10 and 11. As soon as the interaction potential and the Hamiltonian

479Gee the footnotes to Table 3 on the following page.
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Table 3

Classes of conjugated and invariant subgroups of the Ty X T group. Part II.

Class®

Structure®

Description and comments

1

Subgroups of order 8

DQXT
OQUXT

Doyq
CQ'U /\7—2

DoNT,

S4><T

SaNT2
(SaNTs)

{1,03,03,C3,

7,7, 1,17}
{1,C8, 0,02,
7,758,714, 1,2}
{170570'(11’270376752:1}
{1,048, 02, T T2}

{17 CQ(Ly 7:11727 Cg’ca T:I?AL}

{ 17547 027 54717
T,7s, T2, T-4}
{105, 7%, 1, 557}

Subgroups of order 12

T
CgvXT

Subgroups of order 16

DdeT

Subgroups of index two (order 24)

TxT

Ty

TNT

Complete group (order 48)

TdXT

Direct product of the D2 subgroup of Ty and time reversal
7.

Direct product of the C5, subgroup of Ty and time reversal
a=(z,y,z).

Conjugated subgroups of the spatial symmetry group Tj.
Isomorphic to Dsg as an abstract group®™?; two conju-
gated Co rotations and two conjugated S4 operations of
Doq4 are replaced for their products with 7.

Isomorphic to Dy4 as an abstract group; has two conju-
gated o reflections and two conjugated Sy operations”®+°
of Dag4 replaced for their products with 7.

Direct product of the cyclic subgroup S§ of Ty and time
reversal.’

Isomorphic to Ds4 as an abstract group; has two conju-
gated oy reflections and two conjugated Cs rotations® ">&-°
of Dsg4 replaced for their products with time reversal 7.

Rotational subgroup of the Ty group.
Direct product of a Cs, subgroup of Ty and time reversal.

Direct product of one of the three D§,; subgroups of Ty and
time reversal 7.

Direct product of 7" and time reversal, also denoted as T' x
Zs.

Tetrahedral group, isomorphic to the permutation group
w4 as an abstract group.

Another realization of m4 obtained from T, by replacing all
improper rotations, namely six ¢ and six Ss operations,
for their products with time reversal 7.

Direct product of T; and time reversal group 7.

4The leftmost column gives the number of conjugated subgroups in the class.

5When all operations in the group correspond to the same rotation axis a, we do not specify the choice of

the axis and omit index a.

5The operation T3* = C$ o T is rotation by m around axes a and time reversal; by convention a = (z, v, 2)

is one of the axes Sy.

"In the Ty group, reflection planes o®! and o2 intersect on axis C5, where by convention a is one of (z,y, 2);

in the Oy, group these planes are called og4.

. . . . . . . . ai o
8The operation 7, = o o T is reflection in one of the six planes oq and time reversal; in particular, 73 % =
Too™

9The operations 7§, = 7(5$)* = T o (S)*!, where a = (x,y, z), are operations S4 or S; ' combined with

,2

time reversal 7.
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are introduced explicitly, the value of H.g at critical orbits is found. This gives analytic
expressions for the energy of RE as a function of actions N, Ny, and J. Using these energies,
we characterize the multiplet of quantum states with quantum numbers N., Ny, and J. We
can also use the quantum analogue of H.g in order to compute energies of individual states.
Using the concrete Hamiltonian, we can check the Morse indexes of all known RE and find, if
necessary, additional RE which do not lie on critical orbits but are nevertheless required by
Morse theory conditions.

3. Finite symmetry group of the system. We briefly review the structure of the tetra-
hedral group Ty and its extension Ty x 7. This group and its subgroups can be considered
as magnetic (or color) crystallographic symmetry groups; see Chapter 2 of [67]. Notation for
such groups is not commonly established. Below we explain our conventions and describe the
abstract group structure of Ty x 7 given by its subgroup lattice (see Tables 2 and 3). We
distinguish only the nonconjugate subgroups of Ty x 7 and study certain sublattices corre-
sponding to reduced or partial symmetry groups. This information is vital for understanding
the stratification of different reduced phase spaces by the action of Ty x 7 and, in particular,
for finding fixed points and invariant subspaces of this action.

3.1. Time reversal symmetry 7. Momentum reversal symmetry 7 is a nonsymplectic
symmetry operation defined for the original physical 3-space coordinates and conjugate mo-
menta as

(¢,p) — (g, —p).

We denote this operation as 7, or simply as Zs, and imply that its action in each particular
context is either known or should be specified. We will distinguish the two types of behavior
(two representations of Zs) with regard to momentum reversal by “parity” indexes g (gerade)
and u (ungerade), respectively.

The symmetry operation 7 is also sometimes called time reversal. We like to make clear
that our operation 7 acts only on the phase space variables (¢, p) and does not involve time
t. This implies that the action of 7 on the extended phase space is

T : (qapat) - (q? _pat)‘

It can be seen that, even when the Hamiltonian of the system is invariant with regard to such
operation 7, the corresponding equations of motion are not. In fact, this is due to the fact that
the action of 7 on (g, p) is antisymplectic. Operation 7 is an example of reversing symmetries.
Another commonly used definition of time reversal extends nontrivially our operation 7 to
time ¢:

T : (¢,p,t) — (¢, —p, —t).

This operation preserves the flow of the system with 7-invariant Hamiltonian function. In
quantum mechanics, operation 7 changes the signs of all commutator relations while 7; pre-
serves these signs.

Of course, one can use either 7 or 7; for the analysis, as long as one understands their
action. For example, action of 7 and 7; on equilibria is the same, while their action on the
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trajectories 7y : t — (g, p) is different. Trajectories 7 () and 7;(y) coincide in the phase space
but have different direction. Reversing direction is the result of ¢ — —t, which cannot be
represented as a geometric transformation of the phase space. Since in most cases we do not
work with extended phase spaces, we prefer to define 7 as just another transformation of the
phase space with coordinates (g, p).

The action of 7 ~ Z5 on vibrational normal mode coordinates and conjugate momenta
is, of course, the same as on the 3-space ¢’s and p’s, and as we go to the complex variables

z=q—1p, zZ=q-+1p,
this action becomes
(3.1a) (21, 22, 23, 24, 25) — (21, Z2, 23, Z4, Z5).
Note that this operation differs from plain “complex conjugation” as shown by
(3.1b) 21 +iz0 — 21 + 12o.
Molecular angular momentum components (ji, j2, j3) are not invariant with respect to Zs:
(3.1c) (J1,J2,J3) = (—=j1, —Jj2, —J3)-

This property of (j1, j2,j3) follows, of course, from the explicit Wilson-Howard definition of
rotational angular momenta in terms of particle coordinates and momenta. At the same time,
we can simply note that time reversal changes the direction of classical rotation and therefore
changes signs of (j1, jo, j3)-

3.2. Spatial finite symmetry Ty. The spatial symmetry group of the A4 molecule is the
point group of its tetrahedral equilibrium configuration 7Ty. This group, and cubic groups
O and Oy, (and to a lesser extent, 7' and T}) are well known to molecular physicists and
crystallographers. It is generated by the three-fold rotation Cs5 and the four-fold inversion
rotation Sy. The latter can be realized as Cy o Cj, a rotation Cy by angle 7/2 followed by
a 3-space inversion Cj, or alternately as rotation by angle —7m/2 followed by reflection in
the plane orthogonal to the rotation axis. A particular realization of T} is given in Table 4
and is illustrated in Figure 1. We will use the three symmetry operations in Table 4 for
explicit demonstrations later in the paper. Conventionally, axes x, y, and z are chosen as
Sy axes. Three operations S; and three inverse operations .S, ! form a class of six conjugate
elements. Three operations Cy = S%, which rotate by 7 about the same axes, form a separate
class. Operations C3, which rotate by +27/3 about four diagonal axes, such as axis [1,1,1]
in Table 4, form one class of eight elements. Finally, there is a class of six reflection planes
denoted o or Cy; each element C can be considered as a combination C5 o (;, where axis Cy
is orthogonal to the reflection plane.

3.3. Full finite symmetry group Ty X 7. The total symmetry group of our system is
the tetrahedral group T, extended to include the time reversal operation 7. We exploit
the isomorphism Ty x 7 ~ Oy ~ O x 7 to explain the notation for symmetry operations
and different subgroups of T; x 7. Table 5 summarizes correspondence of notation for the
symmetry operations of the three groups.
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Table 4
Matrix representations of basic operations of the Tq group illustrated in Figure 1.

A A F> E Fy
Za (21, 22, 23) (24, 25) (j1,72,73)

C£111] 1
Si 1
cY 1

Figure 1. Basic operations of the Ty point group (left). The symmetry azis Ca (dashed line) of the Oy,
and O groups is orthogonal to the Cs reflection plane (shadowed) of Ty4. This Ca should not be confused with
azis Co = S2, which has the same orientation as axis Sy. Right: lattice of conjugate subgroups of the Ty group.
Left: superscripts give the number of conjugate subgroups in each class.

The lattices of conjugate subgroups of the Oy and T; x 7 groups are shown in Figures 2
and 3, respectively, in order to compare the Schonflis notation for the classes of Oy, [67] to our
notation of the Ty x 7 classes. The 33 classes of conjugate subgroups of T;; x 7 are arranged
according to their order and are further described in Tables 2 and 3. Left superscripts in
Figures 2 and 3 indicate, where necessary, the number of conjugate subgroups in the class.
Invariant subgroups are unique in their class which needs, therefore, no such superscripts.
Subgroups of Oy, which are distinguished by primes, Cy,, C%,,, and C%,, Dag and D5, Doy,
and D),, Dy and D), Cy, and C},, Cy and C5, Cs and C, are nonconjugate in Op, but
become conjugate in the larger group SO(3). Such notation is less informative in comparison
with the T; x 7 notation for the corresponding nonconjugate subgroups, which highlights the
differences between the subgroups explicitly.

3.4. Sublattices corresponding to different images of T;; X 7 and broken symmetries.
The action of the symmetry group 7, x 7 on the vibrational E-mode polyad space CP! is not
effective; the invariant subgroup Dy forms the kernel, and the image (T;; X 7))/ D3 is the group
isomorphic (as an abstract group) to Cs, x 7 or D3, see Table 6. We compare the subgroup
lattice of (Ty x 7)/Ds2 in Figure 4, right, to the equivalent lattice of Dsj (Figure 4, left) in
order to better explain the action of Ty x 7 on CP!'. When characterizing the subgroups of
(Ty x T)/ D2 we take into account their extension by the kernel Dy in order to preserve the
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Table 5
Correspondence between classes of conjugate elements of the groups Op, Ta X T, and O x T.
Oh TdXT OxT ‘ Oh TdXT OxT
1 1 1 Ci T T
8C3 8C3 8Cs 8Ss 8(7C3) 8(7Cs)
302 302 302 30’h 3(702) 3(702)
6C% 60q 6C% 60qa 6(Toq) 6(7TCH)
6C, 654 6C4 6Ss  6(7Ss) 6(7Cy)
Table 6

Homomorphism Tq X T — Dasp, which defines the group of symmetry transformations of the vibrational
reduced polyad phase space CP of the doubly degenerate mode E. Each element in Dsy, is an image of four
elements of Ty x T. In particular, the identity in D3y, is the image of the invariant subgroup D2 of Tq X T .

{Td X T} — D3h {Td X T} g Dgh
{1,302} — 1 {T,B(TCQ)} — Oh
{803} — 203 {8(703)} — 283

{654,60’d} —  3C% {6(754):6(Tad)} —  30v

relation to the T; x T action on the subspaces CP? and S? (where Ty x 7 acts effectively).

The T,; x T group has a number of subgroups whose action on classical phase spaces CP?
and S? was described earlier in [17, 70, 18]; action of the Dy x 7 group on CP? was studied
in detail in [70]. The Schonflis notation for spatial finite groups used in these studies can
be misleading if the actual spatial-temporal symmetry operations are not defined explicitly.
In order to compare our present work to [70] we give in Figure 5 the correspondence of the
subgroup lattice of Dy x7 to that of the group Dsj,. These two groups realize the same abstract
Abelian group of order 8, and all their subgroups are invariant. As shown in Figure 5, certain
invariant subgroups of Dy x 7 (or Dgp) can be assembled in sets of three according to the
axes CY, a = {z,y,z}, of the Dy group. These subgroups become conjugate when lifted to
the higher symmetry group Ty x 7 (or Op,).

4. Group action. When a group element acts on the point x on the space P, it can map
x either to a different point 2’ on P or to itself. In the latter case the group element belongs
to the local symmetry group or stabilizer of x. The set of points obtained from = by applying
all group elements is called an orbit. Orbits of a finite group G are, obviously, finite sets,
and the maximum number of points in an orbit of the G action equals the number of group
elements or the order |G| of the group. If the stabilizer G, of the point x is nontrivial, then
the number of points in the orbit equals [G]/[G;]. In particular, if x is a fixed point of the
group action, it forms a one-point orbit.

Out of all the orbits of the action of the group G on the space P, we distinguish critical
orbits [75, 76]. The stabilizer of a point x on the critical orbit differs from that of any point
in a sufficiently small open neighborhood of x; i.e., points on critical orbits are isolated. As
a consequence, these points must be stationary or critical points of any G-invariant function
f(z) on P. When P is a reduced phase space and f(z) is a reduced Hamiltonian H.g, these
points correspond to RE of the initial system. This makes finding critical orbits the primary
purpose of our group action study [48, 49, 50]. In general, we also look for invariant subspaces
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Oy, 48

24
16
12

Figure 2. Lattice of conjugate subgroups of the Oy group. The order of all subgroups on the same row is
indicated on the right of the graph.

Ty X7 48

. 24

DogX7T '\\V S\ 16

Wy, xT 12
=< L TX 5

GSAT, DS4XxT DT, 02Nz FD3q ‘\

o 0o

Figure 3. Lattice of conjugate subgroups of the Ty x T group; cf. Figure 2. Shorthand notation T2, 75, and
T, is used for stabilizers TCa, Toga, and T S4; the order of all subgroups on the same row is indicated on the
right of the graph.

of the reduced phase space P—and especially for the invariant subspaces whose stabilizer is
a purely spatial symmetry subgroup of G.

The symmetry group Ty was originally defined as a point group of transformations in the
Euclidean 3-space R? with coordinates (x,y, z), which transform in the same way as compo-
nents of the Fy mode (qi1,q2,q3). The action of Ty is subsequently extended symplectically
on (p1,p2,p3), which transform in the same way as (qi,q2,¢3). This defines the action on
(21, 22, 23). At the same time, momentum reversal 7 or Z, is introduced as an antisymplectic
symimetry.

The E-mode variables and rotational variables (j1, jo, j3) transform according to the F
and F} irreducible representations of the T; group. The action of the symmetry group in these
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T,i><T 12

TANTs TT><T
(3)/]\ mgcr ) 6

= w ©DN T (3)D2d Dy x 1)
J 1

Figure 4. Left: lattice of conjugate subgroups of the Dsn, group. Underlined subgroups appear as stabilizers
of the strata of the Dsy action on the S® sphere. Right: part of the lattice of conjugate subgroups common to
TaxT and (Ty X T)/D2. Underlined subgroups appear as stabilizers of the Ty X T action on the E-mode polyad
reduced phase space CP ~ S2.

Do x T 8

m C4X T DLCYXT 4

2h

3 Ci ¢y I T 2

s

Figure 5. Subgroup lattices of the Dap group (left) and the Do X T subgroup of Tq x T (right); subgroups
distinguished by superscript a = {x,y, 2z} are conjugate in the higher groups Oy, and Tq X T, respectively.

representations is defined by the image of the initial symmetry group. To find the action of
the symmetry group Ty and its extension Ty x 7 on different components of the reduced phase
space (the Fh-mode space CP2, the E-mode space CP!, and the rotational sphere S?), we
first need to know the image of our symmetry group in the corresponding representations.
We find the image of the group in the particular representation I' by acting explicitly on the
variables which realize T'.

Group images and their actions can be very nontrivial even for finite symmetry groups
and should be studied with care. Thus the action of spatial inversion on the reduced phase
space of our system is equivalent to identity, and as a consequence, it suffices to consider pure
rotations C4 and C5 of the O group instead of operations Sy and Cs of the Ty group. We will
also see that the image of T, in the E representation is a smaller group Cs, and that its action
on the E-mode reduced phase space CP! is equivalent to that of a dihedral group Ds;. We
begin by explaining actions of T x 7 on the reduced phase spaces CP?, CP', and S? and on
the total reduced space CP? x CP! x S? with the action of the rotation group SO(2) (or Cs)
and its finite subgroups Ck, k = 2,3,4, ..., of which Cs is a special case, and by explaining
the action of time reversal 7 (or Z;). We use operations from Table 4 to illustrate group
actions.

4.1. Rotational subsystem: Action of T,; X 7 on S2. Unlike components of polar vectors
(z,y,2) and (q1,q2,q3), the angular momenta (j1, jo, j3) are invariant with regard to the 3-
space inversion C; (i.e., they do not change sign). The image of T, in the Fj representation
realized by (j1, j2,J3) is an isomorphic group O generated by pure rotations. (This group can
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(a) O (b) () (d)
7D

Co

Figure 6. Action of the Co x T group on the rotational sphere S* and construction of the corresponding
orbit space. (a) Two points with stabilizer C2 are shown as filled black circles; points with stabilizer Ty lie on
the circle shown in bold. (b) The To symmetry is reduced; all points inside the disc represent two-point orbits.
(¢)—(d) The Cy and T symmetries are reduced; the disc is cut and glued conewise. All points in the shaded
interior in (d) represent generic four-point orbits with stabilizer C1; the black circle corresponds to the two-
point orbit with stabilizer Ca; two-point orbits with stabilizer Ty form the boundary, which is a one-dimensional
stratum S*.

SaNT

T T

C3N\T,

C NI s

Figure 7. Space of orbits of the Ty x T symmetry group action on the rotational phase space S?. Critical

orbits with stabilizers Sa N T, Cs AT, and Cs ATy (Cay, C3y, and Cay in the Oy, notation) are shown by the

black square, triangle, and disc, respectively. One-dimensional strata with stabilizers T, (C}) and T> (Cs) are
shown by solid and dashed border lines. Generic C1 orbits correspond to points in the shaded interior.

be obtained from Ty if Sy is replaced with Cy = Sy0C; and Cs with Co = Cs0C;; see Table 5.)
On the other hand, time reversal 7 changes the signs of all three components of the angular
momentum, and therefore (j1, jo, j3) realize the F, representation of Ty x 7. The image of
Ty < T in this representation is the group O x 7. The three isomorphic groups Ty x 7, O x T,
and Oy, are realizations of the same abstract group. Correspondence of their subgroups and
classes of conjugate elements is presented in Figures 2 and 3 and Table 5.

As discussed in section 2.4.1, equation j? = const defines the reduced rotational phase
space S? as a sphere in the ambient space R with coordinates (j1, j2,j3). The action of O x T
on this sphere is often represented in terms of the action of the Oy group of transformations
of the R? space (see Figure 7). The O notation, or even shorter O group notation, is used
in practically all applications [18, 39, 32, 33, 34] and remains preferred (at least for the study
of a purely rotational system) because geometric transformations in R? are very commonly
known. On the other hand, the T;; x 7 notation properly reflects the actual symmetry of the
system and is more adequate.

Any rotation O} acting on S? (as an element of the O, group of transformations of the
ambient space R3) has two fixed points, which are the two diametrically opposite points of S?
situated on the axis. The two points are mapped into each other by the 7 operation (which
acts as inversion in R?) and belong to one orbit. This orbit is critical. Reversing operations
Cj o T with k > 2 have no fixed points on S?. The operation 7o = C o T acts in R like a
symmetry plane o orthogonal to the Cy axis. The set of all points on S? invariant with regard
to 7 is a circle S!, which is the intersection of ¢ and S2.

As a simple example, consider the action of the Cy x 7 group on S? illustrated in Figure 6
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Table 7
Action of Ty x T on the rotational sphere S?.
Oy, stabilizer Clay C3v Cay Cs C; 1
Ty x T stabilizer SaNT, CsNT, CsNT T T, C4
Points in orbit 6 8 12 24 24 48
Conjugate stabilizers 3 4 6 3 6 1

[0 E-mode space CP!
[l F>-mode space CP?
__ rotational space S2

Figure 8. Lattice of conjugate subgroups of the Tq x T group. Subgroups that appear as stabilizers on the
reduced phase spaces S, CPY, and CP? are underlined, bold framed, and framed, respectively. The order of all
subgroups on the same row is indicated on the right of the graph; cf. Figure 3.

(with the Cy axis along the z axis). There are three types of orbits: a two-point orbit with
stabilizer C5, a one-dimensional stratum of two-point orbits with stabilizer 75, and a two-
dimensional stratum with trivial stabilizer. The space of orbits is a punctured closed disc
shown in Figure 6, right.

The action of T; x 7 on S? is described in Table 7 and the space of orbits is shown in
Figure 7. Out of 33 classes of the conjugate subgroups of this group, six appear as stabilizers
(see Figure 8). There are 26 fixed points on S?, which form three critical orbits with stabilizers
SiNTg ~ Cyy, C3NT5 ~ Csy, Cs NIy ~ (. Note that, as in the case of any C}, action, each
specific stabilizer in the class of conjugate stabilizers corresponds to two different points in
the orbit.

4.2. E-mode vibrational subsystem: Action of Ty x 7 on CP! ~ S2. We find the
image of the spatial symmetry group Ty in the F representation by considering the action of
T, on the plane R? with coordinates (g4, gs) or on a complex plane with coordinates (z4, 25).
From Table 4 we can see that operation C5 = (S7)? acts trivially on this plane, operation C3
rotates by 27/3 about the origin, while operations S7 and C*¥ have the same action on R?:
they reflect with respect to the axis {g5s = 0} passing through the origin. It follows that the
image of Ty is a group D3 (or Cl,).

The action of the full symmetry group Ty x 7 on the reduced vibrational phase space
CP' is equivalent to that of Cs, x 7. The kernel of the homomorphism T x 7 — Cs, x T
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Figure 9. Space of orbits of the TyxT symmetry group action on the E-mode reduced phase space CP* ~ S2.
Triangle and circles mark critical orbits with stabilizers T ATy and Dag X T (C3y and Cay in the D3y notation),
respectively. One-dimensional strata with stabilizers DaANT; and Do X T (on) form the boundary of the variety,
while generic Do orbits correspond to points in the interior.

Table 8
Action of Ty x T on the polyad phase space CP* of the E mode; notation is explained in Table 6.

D3y, stabilizer Cl3e Cla CS(U) Céh) Ch
(Td X T) stabilizer TA Tg ng x T D2 N ’Z; D2 x T D2
Number of

points in orbit 2 3 6 6 12
conj. stabilizers 1 3 3 1 1
orbits 1 2 0 00 00?

is Do, i.e., the order four invariant subgroup of Ty x 7 described in Table 2. The action of
C3, X T on the E-mode vibrational phase sphere S? ~ CP! can be better visualized as the
natural action of the point group Dsj, of transformations of the Euclidean 3-space R? on a
sphere embedded in this space. The correspondence between the Dj; notation and symmetry
operations of Ty x 7 is given in Figure 4 and Table 6.

All strata of the T; x 7 action on the E-mode space CP! ~ S? are described in Figure 9
and Table 8. The Dsj; analogy makes understanding this stratification straightforward. We
can essentially use the approach in section 4.1 and, of course, earlier results for classical Cj,
symmetric rotational systems (see section 1), such as a triatomic molecule with equilateral
equilibrium configuration. For example, any rotation in Dsj, has two fixed points on S?; the
particular C5 rotation in Table 4 has fixed points with coordinates v = (0,£1,0) or equally
(24, 25) = (1,Fi), which form one two-point critical orbit with stabilizer TA7Z;. The stabilizer
of the two other critical orbits is Doy X 7. Note that the points in the T'A7Z; orbit have exactly
the same stabilizer (because T'A7; is an invariant subgroup), whereas the three points in each
Doy x T orbit have different conjugate stabilizers.

Dynamical variables of the reduced E-mode system and local canonical coordinates near
points on critical orbits on CP' can be classified using irreducible representations of both
Ty x T and Dsp,. Thus, vibrational angular momenta {v1, ve,v3} introduced in section 2.4.2
span the natural reducible representation Ay, @ E, of the Ty x T group (see section 7), which
corresponds to AY @ E’ of the Dgj, group. Table 9 gives the relation between the irreducible
representations of the T; x 7 group and its subgroup (T3A7)/Ds. This correspondence should
be taken into account in order to study vibration-rotation dynamics on CP! x S?, where the
group Ty x T acts as D3, and Oy, on the vibrational subspace CP' and rotational subspace
S?. We should warn the reader that D3y, is not a subgroup of Op. We simply use standard
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Table 9
Reduction of irreducible representations of Tqg X T (~ Op) into those of (Tq X T)/D2 (~ Dsp). The
correspondence is written initially for On, and its Dsq subgroup and is further extended using the isomorphism
D3q < Dsp.

TdXT—> (TdXT)/Dz TdXT—> (TdXT)/Dz
~Op —  Daa ~ Dz, ‘ ~Op —  Dsqg ~ Dsp,
Ay — Ay Al Ay — A AY

Azg —  Agg Aj Axy —  Agy AY
E, — E, E' E, — FE, E”
Py — Alg ¢ E, /1 @ E Fiu, — A D E, /1/ e E"
Fy — Agg ¢ E,; /2 @ E Foy — Asy ®E, ,2/ @ E"

notation for irreducible representations of Oy and Dsp,.

4.3. F>-mode vibrational subsystem: Action on CP?2. Action of several different point
symmetry groups on the CP? space was studied by Zhilinskif [17]. An example of the exten-
sion to a larger group including the time reversal 7" was given later in [70]. We summarize the
results of [17] for the symmetry groups O and T; and then take the 7 element into account.

The action of T; on the 3-space with coordinates (g1, 2, q3), which span the irreducible
representation Fy, is effective, and the image corresponds to the whole group. Of course,
the same holds for (p1,p2,ps) and (z1,22,23). In order to verify that the action of Ty x
T on the CP? space is also effective [17], we can consider the representation realized by
(21, 22, 23, 71, 22, 23), act by operations in Ty x 7 (use (3.1a) and Table 4), and take the CP?
restrictions (section 2.4.3) into account. In particular, due to the common phase equivalence,
points (21, 22, 23) and (—z1, —22, —23) are the same on CP?; i.e., the image of the 3-space
inversion is identity. It follows that the images of the Ty, O, and Oy, point symmetry groups
are the same (up to an isomorphism between the stabilizers), and we can simply use the O
group whose elements are proper rotations.

For any rotation axis C}, we should consider a point in CP? lying on the axis and a
subspace orthogonal to the axis. The former is obviously an isolated fixed point, while the
latter is a CP' ~ S? subspace of CP?, which contains other O} symmetric points. As an
example, take rotation about axis z; that can be most easily understood in the coordinates

z1, (= \2(,22%—2'23), ¢ = \}5(22—1'23),
subject to the same restriction
[zl 1+ =1
and common phase identification
(21,¢.¢) = (216", e, (e?)
as the initial (21, 29, 23) in section 2.4.3. When we rotate about z; by angle ¢ # 0 so that

(217 Ca CI) - (217 Cei¢7 Cleiicp)7
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fixed stabilizer
point in Ty x 7T

| ng x T
A Csp x T
] SaNT
A CsNT
[] CQU x T

Figure 10. Orbits of the O (and Ty x T) group action on the complex projective space CP? according to
Zhilinskii [17]. Colored areas represent nine Ca-invariant spheres, which belong to the classes of three and siz
spheres (according to their stabilizers).

the fixed point coordinates should satisfy equations
(zl,g“ei‘p,('e_w) = (zle"‘f’?Cei‘z’,C’ew).
For all ¢ # 7 (and in particular for all ¢ = 27/k with k£ > 2) we have three isolated solutions
A:(=(=0, B:z1=(=0, and C:z=(=0;

i.e., two of the three coordinates should vanish. When ¢ = 7 (rotation C3) our equations
become

(217 _C7 _CI) - (Zlems? Cei(b, C’e"‘ﬁ).

We should take the point (1,0,0) and the whole CP! subspace with z; = 0. (Set ¢ = 7 to show
explicitly that (0, z2, z3) and (0, —z2, —z3) is the same point of this Co-invariant subspace.)
The action of the entire symmetry group O on the reduced phase space CP? is obtained
if we apply the above principle to every rotation in O. The groups Ty and O have the same
action on CP2. The action of Ty x 7 then can be found as an extension by adding the 7
element. Results are summarized in Figure 10 reproduced from [17] and in Tables 10-12.
Action of O on CP? has five critical orbits (five zero-dimensional strata) characterized in
Table 10. It is important to notice that each of the three points on the D3 orbit correspond to
a different (but conjugate) stabilizer; the same is true for the four points on the D4 orbit. In
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Table 10
Zero-dimensional strata of the CP? space under the action of the image of the Tax T (or OxT or Op xT)
group in the representation spanned by bilinear combinations of vibrational coordinates q and conjugate momenta
p, which transform according to the triply degenerate representation Fa of point symmetry group Tu, O, or Op.

Orbit stabilizer'” Coordinates'* Point stabilizer'’
Ty O or Oy, on CP? O or Oy, Ty
DogxT  DyxT (1,0,0) DY) x T D;Z) x T
(0,1,0) DY xT DY xT
(0,0,1) DI xT DY) xT
CsoxT DyxT (1,1,1) DY xT O xT
(1,-1,-1) DM xT O xT
(1,-1,1) DY xT O xT
(1,1,-1) D' xT O xT
; (2) (v) (2) (y)
SiANTy  CunT (1,£i,00 CPOATY S AT

(Lo,£) G ALY S AT
0.1,%)  CPOALY S ATY

CsAT. CsAT™Y (1,72, "), cSS9ntt ol AT
(,2,7°)
((1,77,2 2)), AT e AT
1,a% 9
((1,7722, ?722)), cOntt O aTd
L%
(1,m,7), AT AT
(1,7,m)
CowxT  DyxT (1,41,0) D xT O xT
(1,0,+1) DM xT W xT
0,1,+1 DI xT O xT
2 2v

the case of the Cy4, C3, and D orbits, one stabilizer corresponds to two different orbit points.
Zero-dimensional strata of the action of the symmetry group O x 7 and T; x 7 (where 7 acts
as in (3.1a)) remain the same, but their stabilizers become larger. The order of the symmetry
group O x 7T is twice that of O and the order of all stabilizers is doubled. The structure of
critical orbits also remains exactly the same except for the stabilizers. Each zero-dimensional
stratum again consists of one orbit.

At the same time, two-dimensional invariant topological spheres S? with stabilizers Céa),

a={x,y,z}, and C’S(a), a=1,...,6, of the Ty action on CP? (see Figure 10) become further
stratified due to the action of the 7-extended group. Below we detail the action of O x T
(and Ty x 7T') on these invariant manifolds.

Stratification of each of the three Chp-invariant S? spheres is equivalent to the natural
action of the Doy, point symmetry group (see Figure 11, left). The generic two-dimensional

10We give notation for Ty, and O or Oy, groups.
" Coordinates in terms of (21, 22, 23), n = exp(im/3).
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symbol  point stabilizer
| Sfll /\7; (04'0)
B DJOAT (Dy)
° Cs,NT (Dap)
3 A TQB (Cav)
————— C3 AT, (Ch,)
'''' C$NT (Cap)
surface generic C$

Figure 11. Correlation between the C§-invariant sphere on the CP? space and CS-invariant spheres on the
CP? x S% space whose coordinates on the S* space (rotational sphere) are fized to those of the S§ A T, points.

symbol point stabilizer

B D, /T (Dy)

Csy A T (D3d)

Cay NT (Dap)

CP CP2% xS C, ANT3 on S?

2 O Cs ATz (C3,)
N G - ConT (Chy)
surface  generic Cj

Figure 12. Correlation between the C® invariant sphere on the CP? space and c invariant spheres on
the CP? x S? space whose coordinates on the S* space (rotational sphere) are fived to those of the C’gk) A T3
points.

o e p

stratum has stabilizer Cy; three isolated (critical) two-point orbits with stabilizers DygAT,
S4NT5, and Co, AT are described in Table 10; three one-dimensional strata with stabilizers
CyNg, where g = T, T, or 7, are listed in Table 11. Together with isolated fixed points,
these strata form CoAg-invariant circles S!.

Stratification of the six topological S? spheres with stabilizers Céa) deserves special com-
ment. Each such sphere has one exceptional two-point critical orbit with stabilizer C3,A7 (see

Figure 12, left). This orbit cannot be found if we consider only those symmetry operations

that act within the C’S(a)—invariant sphere, its presence is due to the action of the symmetry
group Ty x 7 on the entire CP? space. Disregarding the exceptional C3,A7 orbit, we can
identify the action of the symmetry group T; x 7 within each C§”‘) sphere with the natural
action of the Cy, point group (on a sphere in a 3-space). This action has two critical one-point
orbits with global stabilizers DogA7 and Ca, A7 (Table 10), which lie on the Cy axis (hor-
izontal axis of the leftmost sphere in Figure 12) and two different one-dimensional families
of orbits with stabilizers CsAg, where g = 7 or 7o (Table 11). Except for the Cy, and Doy
points, all other points form two-point orbits of the spatial subgroup Cs. The CsAg invariant
circles combine respective one-dimensional strata and fixed points.

All two-dimensional invariant subspaces of the Tj; x 7 group action on CP? are described
in Table 12. In addition to the two types of invariant spheres S?, this action has a number of
other two-dimensional invariant subspaces whose stabilizers 7, 75, and 75 include reversing
symmetries. Generic stratum on the 7, 75, and 75 invariant subspaces includes orbits with
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Table 11
One-dimensional strata on the CP? space under the same group action as in Table 10.

Orbit stabilizer? Coordinates™® Point stabilizer'?
Ty O or Oy, on CP? O or Oy Ty
CoNT  ConT (1,4+a,0) cH AT CHANT
(1,+1/a,0)
(1,0, +a) CY AT c AT
(1,0,+1/a)
(0,1, +a) cSIaT S AT
(0,1,+1/a)
CoNT:  CoNTe (1,+ia,0) CH AT P AT
(1,+£%/a,0)
(1,0,+ia) C¥ AT ¥ AT
(1,0,%i/a)
(0,1,4ia)  C AT ATV
(0,1, +i/a)
CoANT. Co ANTY (1,4n,0) AT ATl
(1,£7,0)
(1L,0,£n) GV ATY G AT
(1,0,+£7)
01,4 ALY AT
(0,1, +77)
CoAT  COAT (1,1, +a) cVAT cM AT
(1,-1,+a) CH AT cFIANT
(1,4a,1) cAT cINT
(1,4a,—1) cSOAT CFINT
(1, %+a, +a) AT CEI AT
(1, +a, Fa) cSONT CVI AT
CsANT CIANT: (1,1, +ia) AT CFV AT
(1,—1,+ia) CP AT AT
(1,+ia,1)  CPATY O AT
(1,+ia,—1)  CP AT CFF AT
(1, +ia, +ia) CP AT WD AT
. . 6 x Yz x
(1, £ia, Fia) Cé A TQ( NI 2N ']'2( )

24, 8, and 4 points, respectively. The topology of all these subspaces is RP2.

4.4. Rotational structure of the E mode: Action on CP! x S? ~ S? x S2. The
Hamiltonian that describes rotational structure of the E-mode polyads is defined on the
four-dimensional reduced rotation—vibration phase space CP! x S?, the direct product of the
vibrational E-mode polyad space CP! (polyad sphere) and rotational sphere S?. We use

12\We give notation for either the Ty, O, or Op, group.
3Here a # 0, £1, 00, and 1 = ¢, where ¢ # kn /2.
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Table 12
Two-dimensional invariant subspaces of CP? under the same group action as in Tables 10 and 11.

Orbit stabilizer'*  Coordinates'®  Point stabilizer'*  Topology

Ty O or Oy, on CP? O or Oy, Ty
Cs Cs (1,w,0) cl? c s?
(1,0,w) clv clv
(0,1,w) oo
Cs i (1,1,w) s o s?
(1, -1, w) c® o
(1,w,1) c® o
(1,w,—1) s o
(1, w, w) c® o
(1, w, —w) c® o
T T (1,a,b) T T RP?
T T (1,a,ib) 7,7 7, RP2
(1,ia,b) 7-2(31) 7—2(?4)
(1,ia, ib) 7, 7"
T. 7—2(d) (17 w, w) 7—2(d1) Ts(yz) RP2
(17 w, _w) 7*2(42) IZ'S(W)
(1’ an, 172) 7-2(d3) TS(IZ)
(1’ an, _172) 7—2(d4) Ts(mz)
(Lo*an) T TV
(U= an) T T

information on the stratification of the individual factor spaces CP! (section 4.2) and S?
(section 4.1) in order to find the stratification of CP* x S2.

Let (v) and (r) be points on CP! and S?, respectively, and let (v, r) denote points on the
rovibrational (i.e., rotational-vibrational) space CP! x S?. The stabilizer G, of point (v,7)
is an intersection G, N G, of stabilizers on CP' and S?. In simple terms, the symmetry of
(v, r) can only be lower than that of its projections (v) and (r). The dimension of the stratum
{v,r} on CP' x §? is the sum of the dimensions of strata {v} and {r}. The stratum {v,r} on
the product space is connected if both its projections {v} and {r} on the two factor subspaces
are connected.

Most important and basic to our analysis are critical orbits (v,r). Such orbits can either
be nonconnected parts of a nonzero-dimensional stratum or belong to a stratum {v,r} of
dimension zero. These latter strata occur when both strata {r} and {v} have dimension zero
and there is no stratum of nonzero dimension with stabilizer G, N G,,.

Using the lattice of conjugate subgroups of Ty x 7 in Figure 8, where we indicated all
possible stabilizers GG, and G, the reader can easily find the intersections G, N G, and then
look up the details of the structure of the particular subgroups in Table 2. Indeed, all sub-
groups of a given stabilizer G are found by descending along the lattice paths which originated

MYWe give notation for either the Ty, O, or Oy, group.
5Here a, b are real, w is a complex number, and 7 = €'%.
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Table 13
Intersection (correlation) of stabilizers of the Ty x T group action on the E-mode polyad phase space CP*
(left column) and on the rotational phase space S? (top row). For information on the notation and structure
of subgroups of Ty x T refer to Table 2. Critical orbits on CP! x S? are underlined.

Strata'® on the rotational phase space S?
0D 0D 0D 1D 1D 2D
Strata'® on (4) (3) (6) (3) (6)
the CP?! space C3N\T, SuNT, CsN\T2 T Ts C1
0D TAT. CINT.  CSATL T [ o
0D (3) D2axT Ts SINTYT AR T Y Ch
C;]/\,Z—ZEQO /2—2-520 Cl 20
1D (3) D27, 7Ts CINTT 7" ¢, TY O
Cg 18 Cl 20 Cl 20
1D Dy x T Cy CINTFH T T G Oy
2D Do Ci s Ch C1 C1 Cy

at G. The highest node, where the paths descending from G, and G, join, is the intersec-
tion G, N G, i.e., the largest common subgroup of G, and G,. All possible intersections
are summarized in Table 13. We comment on them below starting with the low-symmetry
strata.

4.4.1. Noncritical orbits. Generic points () on S? have stabilizer G, = C; (rightmost
column in Table 13). Obviously, these points lift to points (v,r) with trivial symmetry C;
regardless of the stabilizer G,. The generic stratum {v,r} is of dimension four, has stabilizer
(1, and includes 48-point orbits.

Generic points (v) on CP! (bottom row in Table 13) have stabilizer Dy, which has three
order-two subgroups Cy with axes n = {z,vy, z}. Intersection of Dy with stabilizers G, equals
C} in all cases except for the three conjugate subgroups G = S/A7,. Intersection G N Dy
is the particular C subgroup of Ds. The corresponding Cs stratum on CP"' x S? includes
24-point orbits. Since SJAT; points on S? are critical (fixed), this stratum has dimension two.

The stabilizer G, = DyAT of the one-dimensional stratum on CP! is an invariant subgroup
of Ty x T ; its intersection with subgroups G, of the same class of conjugate subgroups of T,y x 7
results again in conjugate subgroups. For G, = Sy A 75 the intersection is Cs x 75 and the
stratum {v, r} has dimension one. If G, = 73, where b = {z,v, 2}, we have a two-dimensional

6For each space, strata of dimensions zero, one, and two are marked as 0D, 1D, and 2D; the number of
different conjugate stabilizers in the same class of T; x 7 is given in parentheses. Right superscripts define
concrete conjugate stabilizers: 7 and ¢ label axes (x,y,z) for orbits on CP* and S?, respectively; (k) and
B distinguish stabilizers of orbits on S? in the C3 class and the o class; they can take four and six values,
respectively.

7y = ¢; axes 1 and £ are the same.

18y £ ¢ axes 1 and € are different.

193 = {n1,m2}; stabilizer of the orbits on S? of index (3) includes one of the two operations of index {n1,12};
see text for examples.

203 £ {n1,n2}; stabilizer of the orbits on S? of index (8) does not include operations of index {n1,n2}.
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family {v,r} of 24-point orbits with symmetry 7. If G, = Cs A T3, the intersection is again
Ts; i.e., isolated fixed points (r) on S? with stabilizer CsA7T3 lift to points (v, r) with stabilizer
T5. Since the zero-dimensional stratum CsA7Z; on S? is the closure of the one-dimensional
stratum 73 on S?, the entire 75 stratum {v, r} is connected. As a consequence, isolated points
(r) with stabilizer Cs A 73 lift to noncritical points (v, r) on the two-dimensional stratum on
CP! x 2.

When both G, and G, are not invariant subgroups, the symmetry of the {v,r} stratum
depends on the choice of the subgroup within the class of conjugate subgroups. In the case
of G, = DyANT,; and G, = 7, the intersection can be either 75 or Cy. As shown in Table 2,
the element C§, where a = {z,y,z}, of DaAT, distinguishes a particular stabilizer in the
class of three conjugate subgroups. This stabilizer has two 75 subgroups generated by 7.
and 7. If, therefore, G, is one of these two subgroups, then its intersection with G, is
nontrivial; otherwise G, N G, = Cy. In the case of G, = DyA7T, and G, = 75 the intersection
is always trivial. On the other hand, intersection of G, = DsA7; and C3A7; is always a
nontrivial subgroup 7, because one of the two orthogonal symmetry planes 75 "* in DyAT,
always contains the particular axis C3 of C3A7;. In other words, intersection of the set of two
7, elements in DoAT; and three 75 elements in C3A7; (which cross on the C3 axis) is never
empty. Observe that the 75 stratum {v,r} has dimension two and is connected. All points in
Table 13 that lift to this stratum become noncritical; the {v,r} parts of dimensions zero and
one form the closure.

4.4.2. Critical orbits (strata of dimension zero). Orbits that project on zero-dimensional
strata of CP! and S? and have unique stabilizers are critical. The six critical orbits on CP! xS?
are characterized below.

Stabilizer on CP*! T AT, Dog X T DogxT
Stabilizer CP* x S? CsNTs  SiNT; Cs x T
Number of orbits 2 2 2
Number of points in orbit 8 6 12

We explain how to find these orbits using Table 13.

Consider the stratum {v} with stabilizer G, = T' A 7, which consists of one two-point
orbit, and the stratum {r} with stabilizer G, = C3 A 7, which consists of one eight-point
orbit. Since each of the four conjugate subgroups G, is a subgroup of G, we have the zero-
dimensional stratum {v,r} with stabilizer C3 A 75, which includes two eight-point orbits (all
points on the orbit {r} lift to the same orbit {v,r}). If for the same {v} we consider {r}
with stabilizer G, = Sy A 7, the resulting 12-point orbit {v,r} has the stabilizer Cy x 7; and
should, therefore, be part of a one-dimensional stratum. Indeed, as can be seen from Figure 8,

TANT, NS4 ATy, =Dy ANTo NSy ANTy = Co X T

Consider now the stratum {v} with stabilizer G, = Dyg x 7, which again consists of one
two-point orbit. The intersection of G, with G, = Sy A 7; can be the whole G, (i.e., G, can
be the subgroup of G,) if both subgroups include the same element CJ, where axis 1 can be
x, y, or z. In this case we have a zero-dimensional stratum {v,r} with stabilizer Sy A T,
which includes two six-point orbits (all points on the six-point orbit {r} lift to the same orbit
{v,r}). If for the same {v} we take {r} with stabilizer G, = Cs x T, this latter stabilizer can
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Table 14
Intersection (correlation) of stabilizers of the Ty group action on the Fy-mode vibrational phase space CP?
(left column), on the rotational phase space S? (top row, center), and on the E-mode vibrational phase space
CP! (top row, right). Critical orbits are underlined.

Strata®! on S? Strata®' on CP!
Strata®' on CP? | 0D 0D 0D 2D | 0D 0D 2D
sl e e | DY D
n'<3  K'<4  B'<6 n'<3
oD D S22 o o Ci | Do Dw® Dy
?7§3 0223 Cl D2 23
oD s S Oy Ch G| G 8P O
n<3 0123 0223
ob o G®? o c | e G Ch
k<4 Ci? Gy
ob Ci G G C | G5 G Ch
k<4 0123
0D CSZ) C”  Ch %24’25 Ch Cy  C2®® O
77§3 0123 0824 0223
Cy
2D ¢ . ¢y Cy C1 | Co G2 Oy
77§3 0123 0223
2D P Cy Cy C,%? c o o o
/BSG 0123 Cl
1D Ch o o Ci |1 Oy C1

again be a subgroup of G, if both share the same Cs = o element, which can be either ¢
or o™ (see Table 2). Since in this case {r} consists of one 12-point orbit, the corresponding
zero-dimensional {v, r} stratum with stabilizer Cs x 73 contains two 12-point orbits.

4.5. Rotational structure of the F> mode: Action of T; and Ty X 7 on CP? x S2.
We now combine small-amplitude F5-mode vibrations and rotation. The Hamiltonian of this
system is a (Ty x 7 )-invariant function on the six-dimensional reduced phase space CP? x S2.
The action of the full symmetry group Ty x 7 on CP? x S? can be found from that on the
individual spaces CP? and S? using the approach of the previous section; in particular, we

21Gtrata of dimension s are marked as sD, s = 0,1,2,4. Classes of stabilizers of the strata are listed in T}
notation. Indexes 7, k, 3 distinguish different stabilizers on CP? within the same class; indexes 7', k', 3’ are
used for §? or CP'. Refer to Table 2 for information on the notation and structure of subgroups of Ty x 7.

22Identical subgroups of Ty x T: axes 5 and 7', k and k', or subgroups 3 and 3’ are the same, i.e., n =7/,
k=k,orp=p.

2Different subgroups of Ty x T of the same class: axes 1 and 7', k and k', or subgroups 8 and 3’ are
different, i.e., n # 1, etc.

24Qubgroups Déz), C’éz), C’éi) include the symmetry plane 3.

258’ equals 1 or 72; the point projects on the disconnected zero-dimensional component of the C7t or C7?
stratum on CP?; see section 4.5.1.
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determine intersections of stabilizers from the subgroup lattice of Ty x 7.

Essential information can be obtained from the simpler study of the action of the spatial
symmetry group T, whose subgroup lattice is given in Figure 1. As shown in Table 14, the
action of T; on the rotation—vibration space CP? x S? creates strata of symmetry Sy, Ca, Cs,
Cs, and C; (generic). Some strata, notably Cs, have disconnected components of different
dimension. By dimension of these strata, we mean the highest dimension of their components.
The Cj stratum has dimension six, components of other strata can be of dimension zero
and two.

4.5.1. Strata and components of dimension zero (critical orbits). The S4 stratum on
CP? x S? projects on the Sy orbits on the rotational space S? and on the Dyy or Sy orbits
on the vibrational space CP2. Each G, = z(f]/) stabilizer has two fixed points on S? (which
belong to the same orbit of the T, action). Each G, = Déz) stabilizer has one fixed point on
CP? (see Table 10). Consequently, there are two points on CP? x S? with the same stabilizer

G, NG, =DY) NSy = s,

The six points corresponding to three different conjugate stabilizers with n = z,y, z form one
six-point orbit, which we label A, If for the same G, we take G, = S Z(L”), we combine two
points on CP? (which are in the same orbit) with two points on S%. It is important to observe
that the resulting four points on CP? x S? belong to two different orbits: one pair belongs to
orbit B® and another to orbit C'¥. With three possible axes 71 taken into account, orbits B
and C' contain six points each.

The above description of the Sy orbits B(*) and C® can be easily verified on a concrete
example. Such examples are given in Table 15, where the F-mode coordinates (zy4, z5) should
at present be ignored. Consider a particular axis n = z (axis 3). The two fixed points on the
CP? space have coordinates (Table 10)

(41&) (Z17227Z3) = (1’:l:l70)7
and the coordinates of the two fixed points on the S? sphere are
(4.1b) (J1,J2,J3) = (0,0, %1).

(For simplicity, here and in the rest of this section, we drop normalization factors, which
are not essential to our current discussion.) The group Ty acts on CP? and S? in such a way
that any operation in T, that interchanges the two points (4.1a) on CP? interchanges the two
points (4.1b) on S2. The C; rotation about axis x (axis 1) is an example:

C3 + (21, 22, 233 1, J2, J3) — (21, —22, =233 ji1, —J2, —J3)-
As a result, no operation in Ty maps points
B =(1,+4,0;0,0,£1) and C =(1,+4,0;0,0,F1)

of the CP? x S? space into each other; these points, therefore, belong to different orbits.
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Table 15
Fized points of the Ty x T group action on the reduced phase space CP? x CP* x S2.

(a) Stabilizer Si (or C4), 7 = /Ny, re = V/2Ne, 1 = J.

Point 2L 22 B Z & j1 j2 3
rf rf rf Te Te Ty T T

Aq 0 0 V2 1 0O 0 0 1
Al 0 0 v2 1 0 0 0 -1
As 0 0 v2 o0 1 0 0 1
A 0 0 v2 0 1 0 o0 -1
B 1 i 0 1 0 0 0 1
B 1 —i 0 1 0 0 0 -1
B 1 i 0 0 1 0 0 1
B} 1 —i 0 0 1 0 0 -1
e 1 i 0 1 0 0 0 -1
c 1 —i 0 1 0 0 0 1
Cy 1 i 0 0 1 0 0 -1
e 1 —i 0 0 1 0 0 1

(b) Stabilizer Cs [111], 5 = (1/2N;)/V3, re = V/Ne, 7; = V/3J, x = exp(27i/3).

Pomt A 2 B &m o 2 s
T’f T’f Tf Te Te 7"]' T’j T’j

A 1 1 1 1 i 11 1
A 1 1 1 1 i -1 -1 -1
B 1 x x 1 i 111
B, 1 x x 1 i -1 -1 -1
Cy 1 x x 1 i -1 -1 -1
Cs 1 x x 1 i 111

(c) Stabilizer C¥¥ (or Ca), 1y = /Ny, 7e = V2Ne, r; = J/V2.
Point 2L %2 B A % vz s

re  Tf o TE  Te Te T i T

Aq 1 -1 0 1 0 1 -1 0
Ao 1 -1 0 0 1 -1 1 0

The three eight-point critical orbits of the C3 stratum can be described analogously; cf.
Table 15(b). Combination of the C:.SIZ) point on CP? and two C’ék) points on S? gives two
points on the A®) orbit. With all four axes C3 taken into account (k = 1,...,4), the orbit has
eight points. The B®)- and C®)-type orbits of the C3 action include points (z, j) and (z, —j),
respectively, where (z) and (j) stand for the coordinates of the fixed point on CP? and S2.

The two critical fixed points of the Cga) action on CP? x S? are obtained when we combine
the only isolated fixed point of the C’ga) action on CP? (see Table 10) with the two respective
points on S? (recall that C acts both on CP? and on S? as operation Cy of the O group).
In the particular case of Cé'z) and its subgroup C’émy) (set n = z and #' = n; = zy in Table
14), we combine the z = (1,—1,0) fixed point of the C{™ action on CP? with two points
j = £(1,—1,0) on S?. For six conjugate elements Cy, we obtain a 12-point orbit, which is
isolated from the rest of the Cy stratum (because its projection on the CP? space is isolated).

This orbit is therefore critical.
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4.5.2. Strata of dimension two. Action of T;; on CP? x S? creates two strata of dimension
two, Co and Cs. The C§ stratum has a disconnected component of dimension zero, described
above. In both cases, we combine isolated fixed points on the rotational space S? and points
on the invariant spheres S ¢ CP2. This is illustrated in Figure 11 and 12.

We describe first the C5 stratum. Since Cy = SZ, points with local symmetry Cy and Sy
coincide on the rotational space S?. In the particular example of C3 = (S7)? these points are
given in (4.1b). We combine points on S? with points on the Cy-invariant sphere in CP?. In
our C5 example, these latter points are (see Table 12)

(21722723) = (1,'11}70), Rew 7& 0.
All points on CP? x S? with stabilizer C5 are
(ZlaZZaZS; jl’j2aj3) :(17w70a 0,0,il), Rew#o

Removing the above restriction on w adds four critical points (1, +4,0; 0,0, +1) with stabilizer
S7 and produces two spheres shown in Figure 11, right. These are the only isolated critical
points which remain on the Cs-invariant spheres when we add rotation; all other fixed points
which lie on the Co-invariant sphere of the purely vibrational system with phase space CP?
(i.e., when j = 0) disappear. For example, consider the two Doy points z = (1,0,0) and (0, 1, 0)
with stabilizers D3, and D3, respectively (Table 10 and Figure 11, left). Their rotational
coordinates should necessarily be j = (1,0,0) and (0, 1,0), which project to points on S? with
stabilizers S§ and S, respectively.

A similar approach can be used to describe the Cs-invariant spheres (the two-dimensional
component of the Cy stratum) in the CP? x S? space shown in Figure 12, right. In this case,
no critical points remain on the spheres when rotation is added and we lift from CP? to
CP? xS?. As an example, consider the reflection plane x = y whose action is given in Table 4.
This operation has two fixed points on the rotational sphere S?:

(J1,J2, j3) = (£1,F1,0).

(At these points, axial vector j is orthogonal to the plane x = y.) Operation C?Y is a
combination of inversion and rotation by 7 about axis x = —y, i.e., (1, —1,0). The points on
the CP! ~ S? subspace orthogonal to this axis have, therefore, coordinates (see Table 12)

(zla 22, Z3) = (1> 17 w)a
and the points of the two Cg-invariant spheres S? in the six-dimensional space CP? x S? are
(Zly 22, 23, j17j27j3) - (17 17 w; j:17 :Flv 0)

Stabilizers of critical points, which are present on the Cs-invariant sphere when j = 0 (Fig-
ure 12, left), are such that these points become noncritical when rotation is added. Thus,
the C9, point with z = (1,1,0), which lies on the C¥¥-invariant sphere of our example, has
the stabilizer C§ and must, therefore, combine with j = (0,0,1) in order to have a higher
stabilizer.
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4.5.3. Extension by time reversal 7". The action of the full group 7y x 7 on the CP? x S?
space creates more strata. For our purposes, however, it is sufficient to observe that the system
of critical orbits of Ty x 7 remains the same, as in the case of Ty, and to study the action of
reversal operations on the invariant spheres with stabilizers Cy and Cs.

Internal stratification of the Cy-invariant spheres in the CP? x S? space under the action
of Ty x T is shown in Figure 11, right. It can be seen that the action of Ty x 7 on these
spheres is equivalent to the natural action of the Cs, group (whose axis Cy is the vertical axis
in Figure 11). In addition to the two isolated S4 points, this action creates one-dimensional
strata with stabilizers Cy x 75 and Cy x 7.

The Cs-invariant spheres also do not remain homogeneous when reversal operations are
accounted for properly. The action of Ty x 7 on these spheres is equivalent to that of the
group C}, (whose reflection plane is the plane of Figure 12); it creates a (Cs A 73)-invariant
circle on each Cs-invariant sphere in CP? x S2.

4.6. Action on the vibrational subspace CP? x CP'. Description of combined small-
amplitude E- and Fy-mode vibrations requires the six-dimensional reduced phase space CP? x
CP'. The action of the Ty A T symmetry group on the Fy-mode subspace CP? and on the
whole of CP? x CP! is effective. The action of Tj; x 7 on the E-mode subspace is not effective;
see Table 14: any point on this subspace is automatically Ds-invariant.

4.6.1. Critical orbits. All critical orbits on CP? x CP! can be found and classified if
we combine points from Tables 8 and 10 and determine the intersection of their stabilizers
Gr N G, using the lattice from Figure 2, 3, or 8. To find whether the point (orbit) is critical,
we consider the stratum with stabilizer Gy NG, and verify that we deal with an isolated point
(orbit) using projections on the orbit spaces in Figures 9 and 10. As in the previous sections,
we should combine points with identical stabilizers in order to determine the number of orbits
and of points in the orbits. Concrete examples can be found in Table 15 if we ignore the
rotational part (i.e., let 7 = 0). Results are summarized below.

Stabilizer of the orbits on Number Examples in
CP? Ccp! CP? x CP'  of points Table 15
Dog X T  Dog xT Dog x T 3+3 Agg
SyANTe  DogxT  SinT: 6+6 (B,O)Y
CsuxT TAT: Cs AT 4+4 AP
CsNT, TAT, Cs AT, 8+8  (B,0)%)
Coo xT DagxT  CoyxT 3+3 AP

Here the superscripts ), ) and (?) correspond to parts (a), (b), and (c) of Table 15; by k+k
we denote two k-point orbits.

4.6.2. Invariant subspaces of CP2? x CP'. Three Dy4-invariant points on CP? are the
only points whose stabilizer includes Dy. Combining these points with the whole EF-mode
space CP! ~ S? gives three Do-invariant spheres S? in the six-dimensional space CP? x S?.
Six Cs-invariant spheres on CP? combined with, respectively, six Dog-invariant points of the
E-space give 12 Cs-invariant spheres S? in CP? x S2. The stabilizer Dy of the E-mode space
CP! ~ §? has three conjugate C¢ subgroups with a = {x,y, z}. Consequently, there are three
Cs-invariant subspaces S%F) X S?E). Points with higher symmetry lie on each of the above
subspaces.
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4.7. Action on the full reduced phase space CP? x CP! x S2?. In order to describe
the simultaneous rotation and small amplitude E- and Fy-mode vibrations of the A4 molecule
(rotational structure of all combination polyads nvy + mus), we need the eight-dimensional
total classical reduced phase space CP? x CP! x S2. In this section, we find critical (fixed)
points of the Ty x T action on CP? x CP' x S? by combining points on the three factor spaces.
Fortunately, most of the work has already been done in the previous sections. We can take
critical orbits A, B, and C' on CP? x S? found in section 4.5 and combine them with critical
orbits of the Ty x 7 action on the E-mode space CP! while matching the stabilizers carefully.
It can be seen in the examples of Table 15 that orbits A, B, and C are duplicated in the
presence of F-mode vibrations. Indexes 1 and 2 distinguish two different possible projections
(25, 26) on the E-mode space CP'. We use shorter Ty notation for stabilizers in Table 15.
Extending the symmetry group Ty by the time reversal 7 does not modify the critical orbits;
it merely doubles the order of stabilizers, which become Sy A 7, C3 A T;, and Cs x T5. We
comment briefly on these orbits.

The orbit stabilizer is defined as a class of conjugate subgroups; the point stabilizer is an
individual subgroup in that class. As before, we match concrete point stabilizers. The S}
operation has (1 + 2), 2, and 2 fixed points on the Fy-mode space CP?, E-mode space CP?,
and rotational sphere S?, respectively. The 3 x 2 x 2 = 12 points on CP? x CP! x S? with the
stabilizer S} are listed in Table 15. To complete orbits of the Ty group action we should add
points with stabilizers S§ and S§ (which are obtained from the given points using symmetry
operations R such that S§ = Ro S{ o R™1). The total of 36 points can split into six orbits
with stabilizer Sy. In particular, points A; and A} in Table 15 belong to the same six-point
orbit (which also includes two points with stabilizer S7 and two points with stabilizer S¥).

A similar argument shows that there are 12 points on CP? x CP! x S? for each of the four
conjugate stabilizers Cék) (Table 15(b), where points A’, B, and C’ are omitted for brevity).
The total of (3 x 2 x 2) x 4 = 48 points on CP? x CP! x S? is made up of six eight-point
orbits with stabilizer Cj.

The remaining two critical orbits on CP? x CP! x S? have stabilizer Cs. We construct these
orbits by taking points with stabilizer C% on the CP? xS? subspace (section 4.5) and combining
them with the appropriate two Dy points on the E-mode space CP! (see Table 15(c)), as
in the case of the stabilizer S4. For six conjugate subgroups Cs we have 24 critical points on
(the zero-dimensional component of) the Cy stratum of CP? x CP! x §2, which separate into
two 12-point orbits.

5. Prediction of RE. This section is a reward for our painstaking study of the Ty x 7
group action on CP? x CP! x S2. The reduced Hamiltonian H.g is a (T x 7 )-invariant
function on CP? x CP! x S? and it must have stationary points at all critical orbits of the
Ty x T action, which we found in the previous section (Table 15). Stationary points of Heg are
equilibria of the reduced system and are RE of the initial system with six vibrational degrees
of freedom.?%

26Tn order to simplify the analysis of the reduced system for P4, the A;-mode subsystem is excluded in [13]
by setting ¢! = p*! = 0 and n, = 0; the model potential function was developed to cubic terms only. The
number of degrees of freedom can be counted in several ways. Translational degrees of freedom can be trivially
separated. Out of three rotational degrees of freedom, two can be reduced to account for the preservation of
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RE correspond to families of special 3-tori in the initial phase space (see footnote 26)
and are characterized entirely by symmetry and the values of the three integrals ny, n., and
j. The value of Heg (energy) at RE and stability of RE are the primary characteristics of
our system. Table 15 becomes, therefore, our most important result in view of practical
applications. (Note that RE forming one symmetry group orbit are equivalent and it suffices
to analyze stability and energy for one RE in the orbit.)

In this section, we are preoccupied with general understanding and description of possible
functions Heg. In particular, we want to know if such functions can have stationary points
only on critical orbits, i.e., have the minimum number of stationary points. We place RE on
critical group orbits and suggest possible stability. Assuming that Heg is a Morse function on
the space CP? x CP! x S?, we make sure that possible sets of stationary points satisfy Morse
inequalities for this space and its invariant subspaces. We then find the simplest possible set
(or sets) of RE, which correspond to the simplest Morse Hamiltonian(s) on CP? x CP! x S?
invariant with respect to the symmetry group of the system Ty x 7. We can expect that at
low perturbation (or excitation) our Heg is such a simplest function.

The main purpose of this paper is the analysis of the complexity of the set of RE of systems
combined of different subsystems. Our first observation in this context follows directly from
the group action study in section 4. The RE set of the entire system is far from being a
simple combination of the RE of the subsystems. As an example, take the F5- and EF-mode
subsystems, which have 9 and 27 RE, respectively. These RE are also known as “nonlinear
normal modes” [14, 15, 16]. They combine nonlinearly; there are 48 RE of the combined E—F5
system corresponding to critical orbits on the CP? x CP! phase space (see section 4.6).

Finding critical orbits on high-dimensional spaces constructed as a direct product of sim-
pler spaces is greatly facilitated by tracing the correlation between critical orbits on subspaces
and those on the complete space (for example, see section 4.5, Figures 11 and 12). Our sec-
ond main observation is that the simplest (7 x 7 )-invariant Morse-type function Heg with
stationary points placed exclusively on critical orbits can be defined on individual subspaces
S?, CP!, and CP?. However, when we go to a product space, such as CP? x S?, the situ-
ation becomes more complicated and there must be RE (stationary points of Heg) lying on
noncritical group orbits.

5.1. Consequences of local symmetry for linear stability. We can use our results on the
critical orbits of the Ty x 7 group action on CP?x CP' xS? to find the position of corresponding
RE and compute their energy for any given Hamiltonian Heg. To find more about these RE
without using any concrete Heg, we should classify small phase space displacements = from
them (coordinates on the tangent plane) according to the irreducible representations of their
stabilizers. In this work, we are interested in one particular kind of group action, which

the length of the angular momentum vector and its projection on a laboratory fixed frame. This leaves six
vibrational degrees of freedom and one rotational degrees of freedom, sometimes called “internal” degrees of
freedom. However, we replace internal rotational degrees of freedom with two constrained oscillatory degrees of
freedom, so there is a total of eight initial degrees of freedom (and a phase space of dimension 16), of which two
represent one physical rotational degrees of freedom, and one representing the A; mode is ignored. Reduction
with respect to all integrals nq, nys, ne, and j leads to the reduced system on the space CP?xCP! xS? with four
degrees of freedom. The corresponding dynamical symmetry is T%. If we neglect n, by setting ¢ = p1 =0
before reduction, we restrict the initial system to seven degrees of freedom, and the dynamical symmetry is 7°.
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is induced on CP? x CP! x S? by spatial and reversal symmetries of the initial molecular
rotation—vibration system. This action can be studied in the example of the SO(2) group
(axial symmetry) and its discrete cyclic subgroups Cy, (rotation by 27 /k with k = 2,3,4,...)
acting on the initial coordinates of our system as groups of transformations.

We begin by describing a number of nondegenerate equilibria e with nontrivial stabi-
lizers G, = C} and corresponding Ge-invariant local quadratic Hamiltonians Hy such that
Hp(e) = 0. The local symmetry of e results in certain restrictions on Hy and on the stabil-
ity. We compute the Hessian matrix 0>Hy/0x?. Displacements that transform according to
different rows of the same irreducible representation I'. form a degenerate eigenvalue block
of 0%H, / 0z2. The number of negative eigenvalues of this matrix, or the Morse index, enters
in Morse inequalities in section 5.2; the Poincaré index gives the sign of det(9?Hy/dz?). In
order to determine the stability of e, we consider Hy as a Hamiltonian, establish local sym-
plectic structure 7, and compute the eigenvalues of the corresponding Hamiltonian matrix
JO0?Hy/0z?. Hamiltonian stability and the Morse index are related unambiguously only in
the case of dimension two (reduced system with one degree of freedom). The Poincaré index,
which can be computed from the Morse index, gives some characteristics of linear Hamiltonian
stability in systems with any degrees of freedom. Subsequently, we use our results to study
the RE of our system.

5.1.1. Cj-invariant quadratic Hamiltonians on R%. We define the action of the rotation
group SO(2) on the real variables (x1,x2) using the 2 x 2 orthogonal matrix

cosmp sinmep
—sinmey cosme

Mm(<p)—< ), m=0,1,2,...,

and consider quadratic functions Hy(x1,z2), which are invariant with respect to SO(2) or its
discrete subgroups C}, (rotation by ¢ = 27 /k). For each given m we take k > m. Furthermore,
it suffices to consider k£ < 2m. The point e = (z1,22) = 0 is a critical orbit and, therefore,
an equilibrium of Hy. If the two displacements (z1, z2) about e transform as components of a
two-dimensional real irreducible representation, then e can only be a minimum or a maximum
of Hy with signature (++) or (——) (Morse index 0 or 2), respectively, but not a saddle (+-)
with index 1.
Invariants of our SO(2) action are constructed using combinations

E=ux1+ixo and & =1 —ize,

which transform as conjugate irreducible one-dimensional complex representations +m of
SO(2). The pair (x,z2) realizes a two-dimensional representation of SO(2), which is irre-
ducible over reals. Descending to C, we should check whether this representation remains
irreducible (over reals). For m = 1 and m = 2 this is the case for all k£ # 2 and k # 4,
respectively. When m = 2 and k = 4, the image of Cy becomes Cs. The corresponding
quadratic forms are given in Table 16. We can see that the case k = 2m is stable (elliptic)
when ¢ — ab < 0 or unstable (hyperbolic) otherwise, while the k # 2m equilibrium is always
stable.
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Table 16
Invariant local quadratic Hamiltonians with one and two degrees of freedom encountered in our study.
The action of Cy on the phase plane R? with coordinates (z1,22) is given by the 2 X 2 orthogonal matriz
M., (p) with ¢ = 2w /k; the action of Ck on the phase space R* with coordinates (z1,x2,x3,24) is defined by
diag(M,,/, M1 )(@). The action of the subgroups of Ty X T on the local coordinates (x1,x2,Yy1,y2) is given in
Table 18.

Stabilizer Cp-invariant quadratic form Eigenvalues®"+28
Case 2D: m = 1,2, etc., k > m, and w = dz A dy
Cam Lax® + $by* + cxy [£vV2 —ab], 3{a+ b=+ Dase}
Cam+1 %a(mQ + yQ) [+ia], {a,a}
Case A:m’ =1, m"” =1, and w = dx1 Adys + dza A dy2
Cs 1d'al 4+ La"2d + S0y + $0ys No restrictions
+ (all possible cross terms)
Ci(k > 2) %a(m% +23) + %b(y% +v3) [:I:\/02 —ab+id, £v/c? — ab — id]

+ c(z1y1 + T2y2) + d(z1y2 — T231)

3{a+b=+ Dapea} x 2

Case A with extended symmetry 7, = Cx X 7, where 7 :

(w1, 22, y1,Y2) — (T1, T2, —Y1, —Y2)

T td'al 4+ a2 + S0y + S0 5 No simple restrictions
+ criwe + dy1y2 %{b' +b" & Dyyrrg,a’ +a” £ Da/a//c}
Tu(k>2)  Sa(a? +a3) + 1b(y3 +v3) [+ivab] x 2, {a,b} x 2
Case A with full symmetry and w = dz1 A dy1 + dx2 A dy2
Coo x T a'a} + 30”03 + 50yt + 30"y3 [£iVall, £iv/a"b7],  a',b,a”,b"
Dag x T %a(zi+23) + 3b(y7 + v5) [+ivab] x 2, {a,b} x 2
Cso x T La(a? +23) + Lb(u? +43) [+ivab] x 2, {a,b} x 2
Case B:m/ =1, m" =2, and w = dx1 A dy1 + dx2 A dye
Cs 1/ (2 +y7) + 2a” (25 + y3) %[i(a' —d") £ Aji(a" —d') £ A]
+ c(z1m2 — y1y2) + d(z1y2 + y122) Ha +a" £ Dararrea} x 2
Cy 1d/ (2 +y7) + 2a"x3 + 30"y5 + caaye [+ia’, £V — a’b"]
{a', a, (@ +b" £ Daubuc)}
Cr(k>4)  3a'(ad + ) + b (a3 +13) id, ia”], {a/,a"} x 2
Case B with full symmetry and w = dz1 A dy1 + dza A dys
Cs AT, 1ad/ (2 +y7) + 2a” (25 + y3) %[i(a' —a" Y+ Ai(a" —ad)+ A]
+ c(z1m2 — Y1Y2) 3{a’ +a" £ Dararrc} x 2

1 1,2

SanNTy  3d(af +yi) + $a"23 + $0"y3 {a',a’,a"b"}

[ia/, +iva"V],

5.1.2. Cg-invariant quadratic Hamiltonians on R%. We define the action of the SO(2)

group on the four-plane R* with coordinates (z1,2,2s3,x4) using the matrix (Mp  © ),

where the submatrices M, and M,,» act on the (z1, z2)-subspace and the (x3, z4)-subspace,

*"Eigenvalues of the Hamiltonian and Hessian matrices are given in square [] and curly {} brackets, respec-
tively; x2 indicates multiplicity.
BA = /4(c2 +d2) — (a/ +a")2, Davea = \/(a — b)2 + 4(c2 + d2), Dave = Dapeo.
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respectively. (The case of the diagonal SO(2) action on R? x R2.) Invariants of this action
can be readily constructed using

E=(x1+ixy) and n = (v3+iny)

together with their conjugates & and 7. The four variables &, 7, &, 7 realize irreducible
representations m/, m”, —m/, —m”, respectively. We consider several situations of interest to
our later study.

In the case of m’ = 1 and m” = 2, we have two quadratic SO(2) invariants %éf_ and
%m’]. When SO(2) is lowered to C3, we also have {n and &7, which transform like exp(£3iyp).
Similarly, n? and 7? transform like exp(£4iy) and are the two extra invariants in the case
of 04.

In the case of m’ = m” = 1 (and generally for m’ = m”), our SO(2) action has four
quadratic invariants: the familiar %gé , %7777, and the cross terms &7, n¢. The same four remain
if SO(2) is lowered to Cy and k£ > 2. When k = 2, each coordinate z; realizes real one-
dimensional irreducible antisymmetric representation. All 10 quadratic monomials z;x; are,
therefore, Cs-invariant.

Generic Cy-invariant real quadratic forms in (x1,z2,z3,x4) constructed using the above
invariants are presented in Table 16. As can be seen from this table, Hamiltonian stability
of e = (0,0,0,0) depends on m’, m”, k, and the symplectic form w. The eigenvalues of the
Hessian at (0,0,0,0), which are also given in Table 16, are used in the Morse theory analysis.
Furthermore, we can see that additional symmetry, such as the time reversal extension for
case A critical orbits (see sections 4.3, 4.5.3 and Table 15), can simplify the situation quite
radically.

5.1.3. Points on S? and CP!. Consider a nondegenerate critical point e with stabilizer
G, on the 2-sphere S? or on the diffeomorphic space CP'. The group G, is defined as a group
of transformations of the ambient Euclidean space R?, which embeds S? (see section 4). We
want to know how G. acts on the 2-plane R%e) tangent to S? or CP! at e. It suffices to consider
the circle group G. = SO(2) and its subgroups C. A straightforward computation shows that
the image of SO(2) and C}, in the representation spanned by the Euclidean coordinates (z,y)
on R?e) is again SO(2) and C} and that x £ iy span representations 1. Then, following

section 5.1.1, the point e on S? and CP! with stabilizer Cj, k > 2, is always stable; points
with stabilizer C5 can also be unstable.

5.1.4. Points on CP?2. As before, we study a special case of the group action on the
CP? space induced by the natural action (vector representation) of the group SO(2) and its
subgroups C} on the complex 3-space with coordinates (z1, 22, z3). This action is defined by
a 3 X 3 orthogonal matrix M. The action on the corresponding real 6-space with coordinates
(91,92, 43,1, P2, p3) is given by the matrix () ) with one copy of M acting on the ¢ space
and the other on the p space. The above action of SO(2) with the symmetry axis z3, and of
the corresponding discrete subgroups Cj, with & > 2, on CP? has three isolated fixed points

(see section 4.3 and [17]):

A=(0,0,1), B=(1,+i,0).
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Table 17
Generic equilibria on CP? in the presence of the natural action of the cyclic group Cy and its extensions.
Equilibrium?’ 0% Hy*®  JO*Hp*! Equilibrium?®®  8?Hy*®  J0%Hy*!

A CoxT No simple restrictions B (s 4,2,0 it
Cop X T 4,2,0 i 2 c
3,1 i B Ci 4,2,0 i
2 rr 3,1 ir
A CuexT,k>2 4,0 i 11 B Cp k>4 420 i

2 rr 1:1

(In Table 15 we use notation B, C' for points of type B.) In the Cs case, only the A-type fixed
point is isolated. It is also useful to recall that the stabilizer of the A points in the case of
the T x 7 action on CP? includes 7 (see Table 10) and that C} can be extended easily to
7;; = Ck x T.

Any Cj-invariant Morse Hamiltonian H on CP? has nondegenerate stationary points of

types A and B. Let z be one of these points and let (C%Z) ~ R‘(Lz) be the plane tangent to CP?

at z. This plane is a chart of CP? with four real displacement coordinates (¢’ p’, ¢",p"). The
zero order Ho(q',p',q",p") of the Taylor expansion of H near z is a nondegenerate quadratic
form. We study the action of Cy on (¢,p’,¢”,p”) and find which generic forms in Table 16
correspond to Hy. Table 17 gives the summary of the results.

The action of C} on R4Z can be found by direct computation; see also section 10. The
matrix of the rotation about axis z3 by an arbitrary angle ¢ is

cosp sing 0
M(p)=|—sing cosp 0
0 0 1

We can see right away that four small real quantities (¢1,¢2), and (p1,p2), which define a
displacement from point A (in the appropriate chart of CP?),

da = (q1 +ip1,q2 +ip2, 1)

transform like two copies of the real two-dimensional representation +1 of the group SO(2).
Consequently, the forms of case A in Table 16 with (1, x2, y1, y2) corresponding to (q1, g2, p1,p2)
represent generic Cy and (Cy x 7 )-invariant Morse functions locally at point A. The Cy x T
form can be further simplified if we consider the full Cy, x 7 stabilizer of the actual fixed
point of the Ty x 7 action. In that case Hp has only four terms ¢?, ¢3, p?, and p3. Hamilto-
nian (linear) stability analysis of the A-type equilibria in the case of the full T; x 7 action is
straightforward (see Table 17) because the linearized system separates in initial phase space
coordinates and the analysis reduces to combining two systems with one degree of freedom.

2Type and local symmetry (stabilizer) of equilibria on CP?; see section 5.1.4 and Table 15 and compare to
Table 16.

3%Possible Morse index derived from the corresponding Hessian eigenvalues in Table 16.

31possible eigenvalues of the Hamiltonian matrix: ¢ and 7 stand for the imaginary and the real eigenvalue
pair, respectively; 1:1 indicates resonance, ¢ denotes four complex eigenvalues.
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When we use the same approach for
dp = (1,7 + q2 +ip2,q3 +ip3) = (1,1 + 22, 23),
we should project the transformed vector
M(p)dp = (" + zgsin ¢, i€ + 25 cos @, 23)
back to the initial chart of CP? and Taylor expand to the first order in (gg, p2, g3, 3),

M(g@)dB|Chart = [ew + 29 sin go]_l M(p)dp
~ (1, i+ e %2, e z;).

We can now see that (g3, p3) and (go, p2) realize representations +1 and +2 of SO(2), respec-
tively. Therefore, quadratic forms of case B in Table 16 with (z1,y1, z2,y2) corresponding to
(q2, P2, q3, p3) represent generic Cg-invariant Morse functions locally at point B. For all points
B®) with k > 3, linearization separates in the initial coordinates (g2,p2) and (g3,p3). As in
case A, stability analysis of these equilibria is simple. Point B®) turns out to be the only
interesting case, where the localized system is intrinsically four-dimensional; cf. [97].

5.1.5. Stability analysis of stationary points on CP? in the presence of T; X 7. In
the previous section, we showed that linear stability of stationary points on CP? (vibrational
RE) can be predicted by analyzing possible local Hamiltonians for RE whose stabilizer is an
SO(2) group or a discrete cyclic subgroup Cj, of this group. For the five types of vibrational
RE labeled A®), A®) BB A® and B® (see Table 15) we take subgroups Cy, C3, and Cj,
respectively. The latter can be regarded as the principal symmetry operations of the respective
stabilizers Co, X T, C3y, X T, C3AT, Dog x T, and SyAT. At the same time, prediction of
stability of these RE can be further improved if we account for the full stabilizers.

To this end we proceed as before in section 5.1.4. We define local displacement coordi-
nates (z1,y1,T2,y2) near the stationary point on CP? and determine the action of the full
stabilizer G on these coordinates. Knowing the action, we find the representation of G real-
ized by (x1,y1,x2,y2) and construct the typical G-invariant quadratic form H (z1,y1, 22, y2).
We choose (z1,y1,x2,y2) so that the local 2-form is dx; A dy; + dxa A dy2 and consider
H(x1,y1,%2,y2) as a Hamiltonian function of local linearization near the RE.

In order to define (1, y1,x2,y2) we rotate the initial coordinates (z1, z2, z3) so that in the
new coordinates (21, 5, z4) the principal symmetry axis of the stabilizer becomes axis z]. The
direction of the two other axes can be chosen as shown below:

Stabilizer (21, 22, 23) Map (21, 23, 25)
DY x T /2n(1,0,0) E V2n(1,0,0)
SEATY Yn(0,1,4) E Vn(0,1,7)

) xT  Va(1,1,0)  Mi V2n(1,0,0)

o x T \/Zn(1,1,1)  M:  v2n(1,0,0)

C,gnl] /\’Z;” \/%7(177727172) Mo \/ﬁeiw/6(0717i)
where 2/ = Mz, E = diag(1,1,1),

T 1 1

2 29 R

My = —%go,and My = 751 (2]—?
001 - Vi V6
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Using the approach in section 5.1.4, we can show that the position of the RE in the new
coordinates (21, 25, 25) is (1,0, 0) for type A and (0,1, &) for type B. We define displacement
vectors

da = (21,21 + iy1, T2 + iy2),

with z1 = \/2n - \Z2!2 - ’23‘27 and

dp = (z1+ iy, 25, iv/n + V29 + iyz/\/ﬁ),

with 2, = \/n — |24 |2 — |#5|%. Note that, instead of projecting on an IR{‘(Lx,y) chart of CP? as
we do in section 5.1.4, we represent the points of CP? by fixing the total phase of (2}, 25, 25)
so that Im(z]) = 0 in the case of dy and Im(z5) = 0 in the case of dp (cf. section 2.4.3).
Fach symmetry operation R in the stabilizer G is realized initially as a linear transformation
of the space R? defined by a real matrix Mp. The same transformation applies to C* with
coordinates (2], 25, 24). To realize this transformation on CP2, we should correct or restore

the phase of Mgz’ in order to obey our phase condition. Therefore we define

[MRE] 1

[MRE]Q
|[Mg2]:| z

Rdy = i Lad LN
4 Mgz

MRdA and RdB: MRdB.

To find the action on (z,y) we Taylor expand Rdy and Rdp at (z,y) = 0 and compare them
to the initial vectors d4 and dp. Results are summarized in Table 18. As can be concluded
from this table, displacements (z,y) realize the following representations of the respective
stabilizers:

Point  Stabilizer =~ Representation spanned by (z,y)

A® Coy X T Agg(z1) ® A2u(y1) ® Big(z2) @ Biu(y2)
A(B) Csy X T Eg (:L‘l, xz) D Eu(yl, yz)

B(s) C3NT, E($17y1)EBE(£E2,—y2)

AW Dog x T E, (acl, Iz) & Eu(yl, yz)

B®W S4NTa Bi(y2) ® Bz(z2) @ E(z1,y1)

Here we denote irreducible representations of 7 -extended groups using notation of correspond-
ing point groups [66].

The above decomposition of representations realized by local displacements into irre-
ducible representations makes construction of local quadratic Hamiltonians straightforward.
In the case of A%) and B® RE, all quadratic invariants are just linear combinations of scalar
squares of displacements transforming according to different irreducible representations, such
as [Eg(ml,im)]z = 27 4 23, etc. The case of B®) is the only case where a scalar product
of two different displacements transforming according to the same irreducible representation
E occurs. Generic local quadratic Hamiltonians for each RE are listed in Table 16. The
brute-force way to find these Hamiltonians is by projecting the most general homogeneous
second degree polynomial in (1,2, y1,y2) using the operator |G|~ 3" pc R, where G is the
stabilizer of the RE in question.
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Table 18
Action of stabilizers on local displacements from the stationary points on CP2.

Action of Dé? x T on E,BE,

R RZ‘1 RIIJz Ry1 Ryg R RZ‘1 RIL'Q Ry1 Ryg
E 1 T2 Y1 Y2 T 1 T2 Y1 —Y2
¢y —m —m2 —y1 —Y2 Y —x1  —x2 Y1 Y2
C2y —T1 T2 —Y1 Y2 ITQy —x1 x2 Y1 —Y2
C3 1 —x2 Y1 —Y2 15 r1  —T2 -y Y2
o m  m Y2 W 7% x> m —y2 -
o¥*  —me —m1  —y2  —y1 1Y% —xa —mx1 Y2 Y1
Sa T2 —x1 Y2 —y1 SaT T2 —T1  —Y2 Y1
S;l —Ia T —Y2 Y1 S;lT —I2 T Y2 —Y1
Action of C{?) x T on Agy®As,®B1,® By
R Rx1 Rx2 Ryir Ry R Rxi: Rx2 Ryi Ry
E 1 T2 Y1 Y2 T T1 T2 —Y1  —Y2
C3 T1  —x2 Y1 Y2 Ty 1 —x2  —) Y2
o™ —x1 w2 -y Y2 LY —m om oy -y
o -z —x2 -y —y2 LY —m - L Y2
Action® of CIM x T on E,0E,

R Rz, Rxo Ry1 RyQ

E T T2 Y1 Y2

C3 —axy — bzs br1 —axrs —ayi — by byr — ayz

C32 —ax1 +bre —bxi —azx2 —ayi +byx —byi —aye

Oy T1 —T2 Y1 Y2

oyz —axi + bxa bx1 +are —ayi + by byr + ayz

Oz —ar1—bras —bri+4+axre —ay1 —by2 —byr+ aye

T T T2 -1 —Y2

C3T —axi — bxs bxr1 — axe ayr + by —by1 + ayz

C3T —azi+bzy —bxi — axy ay1r — by byr + ays

Y 1 — T2 —y1 Y2

7Y% —axi + bxo br1 + axs ayr —bya  —byi — ayz

T77°  —ax1 —bxra —bri+ axe ay1 + bys byr — ays

Action of Siz> A ’2'2(y) on B1®B:dFE
R Rxi Rx2 Ryir Ry R Rxi Rx2 Ryi  Rys
E 1 T2 Y1 Y2 ) —x1  —x2 Y1 Y2
cs  —x T2 =1 Y2 Ty 1 —T2 =Y Y2
Sa yioo—x2 —wm -y LT oy we m i
Syt~ T -y T¥E —y To  —x1  —Ya
Action®® of Cgul] AT) on E&E

R Rxq Ruxo Ry1 RyQ

E 1 T2 1 Y2

Cs —azri —by1i —aza + by bx1 —ay1  —bxa —ays

032 —ar1 +by1r  —by:2 —azrs —bxi—ays bxa — aye

Ty axi; — by axs +bys  —bri — ayr bras — ays

Tsyz —I1 —I2 Y1 Y2

TF* ax1 + by1 axa — by bx1 —ayr —bxa — ays

32Notation a = 1/2, b = +/3/2.
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5.2. Application of Morse theory. Simplest Morse Hamiltonians. Consider a manifold
P whose topology is described by dim P 4+ 1 Betti numbers b. Particularly useful is the
combination of these numbers, called the Euler characteristics ¥. A Morse function f on P
is smooth and has only nondegenerate stationary points. Let ¢ be the number of stationary
points of f of Morse index k. The set of dim P Morse inequalities

S

ST(=1) e = > (1) P, 0<s<dimP,
k=0 k=0

and the Euler—Poincaré equation

dim P dim P
S(=Dre= Y (Db =3,
=0 k=0

express the relation between c; and topological invariants by and X.

In the presence of a nonfree action of group G on P, all isolated points on the critical orbits
of this action must be stationary points of f. The Morse function f with a minimal possible
number of stationary points on P (in the presence of the specific group action) represents a
class of simplest Morse functions. In the most trivial situations, such functions would have
stationary points only on the isolated critical points. We should, therefore, check whether
(and how) placing stationary points exclusively on the isolated points of critical orbits can
satisfy the above Morse theory requirements. Table 19 gives Betti numbers for S and CP?
and suggests systems of stationary points on the vibrational spaces CP? and CP! and the
rotational space S? satisfying Morse theory in the presence of the Ty x 7 group action. We
begin with the simplest Morse Hamiltonians on each factor space of the total reduced phase
space CP? x CP! x S?. Such Hamiltonians describe isolated Fh-mode or E-mode vibrational
systems (polyads) or pure rotation.

5.2.1. Morse functions on the rotational space S?2. Among the 26 fixed points of the T} x
T action on S? (Table 7), six points with stabilizer S4A7 and eight points with stabilizer C3AT;
should be elliptic. The Morse conditions are satisfied if the 12 points with stabilizer Cs x 75 are
hyperbolic (unstable): 6 — 12+ 8 = 2. The two possible simplest Morse Hamiltonians differ in
sign: one has six maxima and eight minima while the other has this structure turned upside-
down. If the internuclear adiabatic potential of the A4 molecule can be well approximated
as a sum of six pairwise interaction terms and all vibrations are frozen, then the minima are
located at the six Sy points [12] as shown in Figure 13, left.

We like to note that stationary points of simplest Morse functions of purely rotational
systems (rotational RE of nonrigid bodies) should not necessarily be fixed points on S?. Thus
in the case of the lowest possible symmetry of such systems 7 (no spatial symmetry), neither
of the three pairs of equivalent RE has a fixed position on S?. Another example is the Cy x T
system in Figure 6: four (two pairs) of its six RE can lie anywhere on the invariant circle.

5.2.2. Morse functions on the E-mode phase space CP!. Critical orbits of the Tj; x T
action on CP! are presented in Figure 9 and Table 8. The two equivalent T'A 7 (C3,) points
should be elliptic. The Morse conditions are satisfied if, out of the two three-point orbits with
stabilizer Dog X 7, one contains elliptic points and the other hyperbolic points. The freedom
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Table 19
Betti numbers by and Euler—Poincaré characteristics ¥ for the spaces CP? and CP* ~ §* (top). Number
and type of stationary points of the simplest Morse function on the Fa-mode space CP?, E-mode space CP', and
rotational sphere S? in the presence of the symmetry group Ty x T. The frame indicates additional stationary
points of the possible nonsimplest Morse function on CP2.

Space bo b1 bQ b5 b4 b5 b@ by
CP! ~ §? 1 0 1 2
CPp? 1 0 1 0 1 3
CP! x $? 1 0 2 0 1 4
CP? x $? 1 0 2 0 0 1 6
Space co c1 C2 c3 C4 cs c6 X
cp? 3Doq X T 3DogxT 2T AT, 2
S? 6S4NT; 120, ATa  8Cs AT, 2
CcP? 4C3, X T 6C2y xT  8C3 AT 654 ANTs  3Dag x T 3

2 3D2a x T | 6Cs ATo
CpP 4C3, x T 6Co, x T 8C5 AT, 60, A To 654 N Tg 3
CP? x §? 8C®) 120, 6CW 64@W 124 84® 8BB) 120, 6BW 6

’i—u

Figure 13. Simplest purely rotational (left) and E-mode vibrational (right) Morse Hamiltonians (often
called energy surfaces) of the Ay molecule as functions on the phase spaces S* and S ~ CP'. The bounding

potential of the A4 molecule is approximated as a sum of pairwise harmonic atom—atom interaction terms;
see [12].

of choice is limited to having two maxima and three minima or vice versa. As before, we can
predict which of the two possibilities is realized in A4 using the simple atom—atom vibrational
potential of [12, 13]. It turns out that at fixed action n. the two Cs,-symmetric RE have
maximum energy; see Figure 13. Note that the same happens in the case of the ¥ mode of
the A3 molecule, such as Hj [19], whose equilibrium configuration is an isosceles triangle.

5.2.3. Morse functions on the F-mode phase space CP?. Among the fixed points of
the T; x T action on CP? (see Tables 10 and 17) only points with stabilizers Cy, A 7 and
S4 ATy (Dg and Cy in the short notation) can have odd Morse indexes. Table 19 demonstrates
how Morse inequalities for CP? are satisfied if stationary points lie only on the critical orbits.
We can interchange points of indexes 1 <+ 3 or/and 0 < 4 to obtain other possible simplest
Morse functions. Table 20 shows how this simplest set of stationary points respects Morse
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Table 20
Stationary points of the (Tyq x T)-invariant Morse Hamiltonians on CP? (see Table 19) projected on the
Cs- and Cs-invariant spheres.

Stabilizer of Signature (index) Number of
sphere orbit on CP? on §? points on S?

Simplest Morse Hamiltonian:

Co Dog xT  [+++4] (0) [++] (0) 2
SanNTy  [+++-] (1) [+-] (1) 2
CowNT  [+=—=]13) [--](2) 2

Cs Do X T [++++] (0)  [++] (0) 1
Cow NT  [+——-](3) [+-] (1) 1
Cso XxT [——++] (2) [--](2) 2

CQ ng x T [+—+—} (2) [+—] (1) 2
Ss ATy [++++] (0)  [++] (0) 2
CowNT  [+——=](3) [--](2) 2

Cs Doa xT [+—+-](2) [+-] (1) 1
Cow AT [+——=](3) [+-] (1) 1
CsNT  [+++-] (1) [++4] (0) 2
C3oxT [——+4+](2) [--](2) 2

O
O

Figure 14. Position of RE (left) and vibrational F>-mode Hamiltonian (right) of the Ay molecule restricted
to the Cs-invariant sphere in the phase space CP%. White circles denote extra (nonfized) RE; other markers
correspond to fized points in Figure 12 (left). The bounding potential of A4 is approzimated as a sum of pairwise
atom—atom harmonic interaction terms [13].

theory requirements for the Cs- or Cs-invariant spheres in Table 12 and in Figures 11 and 12
(left). Tt can be further verified that requirements for all closed invariant subspaces of CP?
are satisfied.

Computation with the atom-atom potential [13] (in the limit of independent vibrational
and rotational motions) suggests that the simplest Morse Hamiltonian is not realized in real Ay
molecules. Instead we expect a Hamiltonian with 12 additional equivalent RE with stabilizer
Cs AT, which are situated in pairs on the (CsA73)-invariant main circle of the six C-invariant
spheres, as shown in Figure 14. When the energy of the system (or the action ny) changes,
these two RE can move along the invariant circle. The set of RE of this nonsimplest system
is characterized in the second to last row of Table 19 and in Table 20, bottom.

5.2.4. Morse functions on combined spaces. The Betti numbers b, and Euler charac-
teristics X for the smooth manifold P, which is a product P’ x P”, follow from those for factor
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spaces P’ and P”,

dim P
bp= > b, B= " (=1,
i+j=k k=0

where indexes i, j, and k go from 0 to dim P, dim P”, and dim P = dim P’ + dim P”,
respectively. In many cases we can analyze RE on P by combining the rules for P’ and P”;
the most interesting case turns out to be that of CP? x S§? (Fy-mode vibration and rotation).

Satisfying Morse conditions on invariant subspaces becomes increasingly important in high
dimensions. Thus, even before attempting to consider whether the “minimum” set of the 12
A2 six (A, B, )%, and eight (A, B,C)%* stationary points (see Table 15—ignore indexes
1,2) satisfies all conditions for CP? x S?, we can check if this set works for the subspaces of
CP? x S?. Going back to section 4.5 and Figure 12, we conclude immediately that our set
is incomplete. Indeed, we should expect at least two stationary points (a maximum and a
minimum) on each of the twelve Cs-invariant spheres in CP? x S?>—yet none of the fixed
points of the Ty x 7 action lies on these spheres. Therefore, the set of stationary points
on the CP? x S? space (rotation—vibration RE) includes necessarily at least two 12-point
noncritical Cs-orbits. Adding these 24 points, the simplest Morse function on CP? x S?
can be constructed; one possibility is presented in the last row of Table 19. This function
corresponds to the Coriolis-dominated structure, which we will discuss on the example in
section 11.

5.3. RE in the initial phase space. RE of the A4 molecule in the initial phase space can
be largely, and in some cases entirely, reconstructed using the qualitative information on the
symmetry group action on the reduced phase space CP? x CP! x S? and stationary points of
the reduced Hamiltonian. Thus all purely rotational RE of a tetrahedral molecule correspond
to the stationary rotation around the symmetry axis of their stabilizers. For the Sy A 7T
stabilizer we take axis Cy, and for Cy x 73 we take the Cy axis orthogonal to the symmetry
plane. Vibrational RE of the E- and F>-mode systems form families of basic periodic orbits in
the initial phase space parameterized by the values of integrals n. and ny. Rotation—vibration
RE of our system are labeled by the values of integrals j, n., and n; and can be reconstructed
as appropriate combinations of the periodic motions of the subsystems, which correspond to
the combined stationary points on the reduced phase space CP? x CP! x S? (see Table 15)
and which become 3-tori (see footnote 26) in the original phase space of the system. We will
characterize these RE in more detail and illustrate the results on the concrete example of the
A4 molecule introduced in section 2.3 and [13].

5.3.1. RE of the E-mode system. Neglecting rotation and interaction with other vibra-
tional modes, the E-mode system can be described by the Hamiltonian

(5.1a) H =w.[Ho+V(q)],
where
13 1
(5.1b) Ho = 5> (a5, +pE) = 5Pk, +PE) + V0

i=1
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Figure 15. Hénon—Heiles potential Vo(q) + €V (q) computed for e = 0.1 and h/hsaaqae = 0.2, 0.45, 0.7, 0.9
(bold contour), 1, 1.2,... (gray). Nonlinear normal modes of the Hénon—Heiles oscillator (E-mode system)
reconstructed using €& normal form with e = 0.1 and h/hsaadqie = 0.9 (colored).

is the Hamiltonian of the 1:1 harmonic oscillator, and the anharmonic part of the D3 symmetric
potential equals

1
(5.1c) Vig)=¢ (5@1 - q?@) B+
The potential Vy + V' is shown in Figure 15. We can see that to the lowest order in € our
FE-mode system is equivalent to the Hénon—Heiles oscillator, which has the same symmetry
D3 x T ~ Dsj. (Note that the F-mode system of triatomic molecules with the equilateral
triangle equilibrium, e.g., H; [19], also has the same symmetry and the same lowest order

3v3

Hamiltonian.) In our A4 example [13], e = —=¥"¢ and we = w.

The RE of the E-mode system are, of course, reconstructed in the same way as the RE
of the Hénon—Heiles oscillator [77, 14, 15, 16, 18, 19, 78]. We represent trajectories of this
system at a given fixed energy h using their projection in the configuration space, a plane
]Rg with coordinates (¢g,,qp,). To distinguish between trajectories with the same coordinate
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image, we specify their direction. The boundary of the classical motion is the h-level set of
Vo(q) +V(q). (We consider small amplitudes and are not interested in the unbounded motion
of the Hénon—Heiles system at large energies.)

The symmetry group Ty x 7 acts on Rg (see section 4.2) like the planar point group Ds.
Operations in this group {1,2C3,3C2} act naturally on the RE projections in the Rg space.
The time reversal 7 acts trivially on the coordinate space Rg while changing signs of the
momenta p and thus reversing the flow of the dynamical system. It follows that 7 changes
the direction of the periodic trajectories and of their image in Rg. All we should do in order to
reconstruct qualitatively the projection of the RE in R?I is to suggest two curves with stabilizer
T A 7Ts and two groups of three curves with stabilizer Doy x 7 (see critical orbits in Table 8).
In [77, 14, 15, 16] these RE are called II7 g, II3 4 5, and Ils 7 5, respectively.

Since the group (T'A7;)/ Do = {1,2C3,2(C27)} does not include the time reversal 7 itself,
the two periodic trajectories II7 g are mapped into each other by 7" and share the same image
in ]Rg. The image is a closed Cs-invariant loop shaped as a smoothed equilateral triangle
(Figure 15, right). It is easy to check that any of the three reflections Cs also map II7; < Ilg,
while the operations C57 leave them invariant. The trajectories II3 45 and Ils 78 project on
lines (degenerate loops) in R? because their stabilizer (Dag x 7)/Dy = C x T includes time
reversal 7. Such lines should necessarily begin and end on the boundary of the motion, where
the trajectory has a turning point and approaches the boundary at a right angle. This leaves
two possibilities (Figure 15, right): three straight lines on the three Cy axes and three curved
lines, each intersecting one of the C axes at a right angle.

5.3.2. RE of the F>-mode system. Neglecting rotation and interaction with other vibra-
tional modes, the Fs-mode system can be described by the Hamiltonian

H =ws[Ho +eVilq) +*Ha(q,p) + -],

where

3

1 1
Hy =35> (a7 +p]) = 5T +p3+p3) + Vo
=1

is the Hamiltonian of the 1:1:1 harmonic oscillator and
Vi(q) = 19243

is the lowest order anharmonic part of the Ty symmetric potential. The potential Vg + eV}
illustrated in Figure 16 appears as a direct three-dimensional analogue of the two-dimensional
Hénon-Heiles potential in (5.1c). However, the (small) fourth degree term

Va(q) = di + a3+
should also be included for the more general description of the reduced system [98]. (Note
that any Ty symmetric potential can be written as a polynomial in Vj, Vi, and V5.) In the
concrete potential of the A4 molecule [13], we have

3 2
V(Q) = V()‘f‘EWVl‘FG <V2_ —W
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Figure 16. Qualitative representation of the equipotential surface of the Fa-mode system (top left). Non-
linear normal modes (RE) of the three-dimensional analogue of the Hénon—Heiles oscillator (Fz-mode system)
reconstructed for e =1 and energy Ho = 0.118.
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while wy = V/2w,. The molecular Fy-mode Hamiltonian Hy also contains the kinematic term
62%[[) x q]? related to the angular momentum induced by the Fy-mode vibrations.

The RE of the Fy-mode system in Figure 16 (cf. Figure 8 in [18] and [98]) can be recon-
structed qualitatively using the method in the previous section. We project trajectories of this
system in the configuration space Rg, where they stay inside a tetrahedral cavity bounded by
the h-level of V(q); see Figure 16, top left. We classify curves in this cavity by their stabiliz-
ers. RE with stabilizers Doy x 7, C3, x T, and Cy, X 7 (Dy4, D3, and Dy in the shorthand
notation of section 4.3) are 7 -invariant. They project to lines in ]Rg, which are passed in both
directions. Like II; 5 3 of the Hénon-Heiles system, the Dog x 7 and C3, x 7 RE lie on the
corresponding symmetry axes Cy and C5. The Co, x 7 RE lie in the symmetry planes Cs and
are slightly curved; they resemble, therefore, II;56. RE with stabilizers Sy x 7 and C3 A 7
are similar to the “circular” RE IlI7g. They project on closed directed curves in Rg’. In the
crudest approximation, these RE can be represented as circles lying in the plane orthogonal
to the respective axes C4 and C3. The Sy x 7; RE develops a characteristic “bow tie” twist
(see Figure 16), which brings the circular symmetry down precisely to Sy x 7. The C3 A T
RE has a triangular shape similar to that of 117 g and bends slightly out of plane like the trim
on a skullcap. We can further observe that the energy—action characteristics of the Fo-mode
RE (see Table 19 and sections 5.1.4 and 5.2.3) also shows a certain similarity to the E-mode
system: At given fixed action ny, the energy of “circular” RE tends to be higher than that of
“linear” RE.

5.4. Quantum predictions. Quantum manifestations of RE are very familiar to physicists
working on highly excited rotating molecules [31, 32, 33, 34, 18]. Within our more general
context we should consider these manifestations for reduced phase spaces of dimension greater
than two and products of two (or more) reduced phase spaces with two (or more) dynamical
integrals of motion. The latter are quantized, and the corresponding quantum numbers label
polyads or multiplets of quantum levels whose internal structure (at given fixed values of
integrals) is analyzed using RE. In our system we have three dynamical integrals j, n., and
ny, and three corresponding quantum numbers J, N, and Ny, which all take integer values.

5.4.1. Systems with one dynamical integral. The most well-known quantum “signature”
of classical RE is the presence of quantum states localized predominantly near one particular
stable RE (a basic stable periodic orbit). In the simplest situation, all nodes of the quantum
wavefunction lie along the periodic orbit, and the number of nodes N (up to Maslov’s correc-
tion p negligible in the classical limit of large V) equals (27) ! times the action integral taken
along the orbit that in turn equals the value of the dynamical integral n for the particular RE
and energy h,

1
N+ p=n(h) = ﬁ;( )hpdq,
p,q)=

T on

where p = K/2 for a K-dimensional harmonic oscillator. The energy of such a state is as
close to h, i.e., to the classical maximum or minimum energy, as possible. With excitation
of oscillations about the RE growing, the nodal pattern becomes less trivial and localization
disappears eventually.
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Stable RE manifest themselves clearly in the structure of the energy levels. The energy
level structure largely depends on the dimension of the reduced phase space P and the sym-
metry present. The reduced system near a stable RE on P can be represented as a nonlinear
oscillator of dimension %dim P. If the area of classical stability in the phase space is suffi-
ciently large (compared to i) we can even observe a “family” of states. If %dimP > 1, the
harmonic oscillator frequencies can be (partially) degenerate due to the local symmetry of
the RE. In the case of k equivalent RE, our reduced system is represented locally as a k-well
oscillator. The depth of the wells (or the height of the barrier) is determined by the stability
of the RE. We observe k-level quasi-degenerate quantum states or clusters. The cluster, which
is closest in energy to the classical RE limit, has the smallest splitting.

We should well distinguish the quasi-degeneracy of quantum states caused by the degen-
eracy of the local oscillator system and by the presence of several equivalent (by symmetry)
stable RE, respectively. We also recall that the presence of the symmetry group with multi-
dimensional (degenerate) irreducible representations can further complicate the analysis of
the energy level patterns because quantum states with wavefunctions transforming according
to rows of the same irreducible representation are strictly degenerate.

5.4.2. Examples of simple cluster structures. The most well-known molecular example
of the correspondence between quantum energy levels and classical RE is the structure of
individual (isolated) rotational multiplets (section 1.2). In this case P ~ S?, fdim P = 1.
We observe simple regular sequences of rotational clusters. Near the limiting RE energy, the
system of almost equidistant sequences resembles a k-well one-dimensional harmonic oscillator;
the energy separation between the RE and the closest (first) cluster is approximately half the
distance between the clusters, i.e., half-quantum.

The 2J + 1 multiplet of the ground vibrational state of a spherical top molecule [31, 32,
33, 34, 79] has six-fold and eight-fold clusters corresponding to stable RE (stable stationary
axes of rotation) with stabilizers Cy and C', respectively. The energy region near the unstable
RE with stabilizer C separates the two cluster systems. In the case of Ay (section 5.2) the
six-fold clusters lie at the bottom energies.

Asymmetric top molecules, such as HoO, have three paired RE. The RE in each pair cor-
respond to classical rotation about one of the principal inertia axes in two different directions
and are related by time reversal. Four RE (in two pairs) are stable and rotational levels form
respective two-fold clusters (doublets).

A similar cluster structure is known for vibrational systems with P ~ S?, such as the
E-mode system in H3 [19], and in A4 (section 5.2 and 5.3.1). Vibrational polyads of these
systems are labeled by quantum number N, = 0,1, ... and contain N, + 1 levels (to complete
the rotational analogy use J. = %Ne); two-fold and three-fold clusters lie near the top and
bottom polyad energies, respectively. These E-mode clusters are formed when vibrational
excitation is high enough to have at least five quantum states in the polyad (N, > 4). Other
vibrational systems with reduced phase space S? include a number of triatomic molecules
with nearly 1:1 resonant stretching vibrations, notably HoO and Ogs [22, 23, 24, 25, 26, 27].
The so-called local modes of these molecules are nothing else but a pair of stable equivalent
RE, which bifurcates (very early) from the initial “normal mode” RE as the polyad quantum
number n rises. The corresponding “local mode states” form doublets; they are commonly
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associated with vibrations localized on the particular atom—atom bond.

5.4.3. Quantum F>-mode system. So far in this section, we have summarized the fun-
damentals of quantum interpretation of RE that are largely known. New aspects begin here.
The reduced phase space P ~ CP? of the Fr-mode system is a compact space of real di-
mension four, and %dimP = 2. This means that we have a finite number of quantum states
in each polyad with quantum number Ny = 0,1,... and that the number of states is given
by a polynomial in Ny of degree 2. More precisely, the polyads of the 1:1:1 oscillator have
2(Ny 4+ 1)(Ny + 2) states.

Predicting and understanding the internal structure of the F5-mode polyads begins with
the RE analysis. Taking into account Morse theory requirements for CP? (see section 5.1.4
and Table 17) and its Cs- and Chp-invariant symplectic subspaces S? (section 5.2.3) we can
suggest stability of the set of RE in the second to last row of Table 19. One possibility is
given below.

RE  Stabilizer Signature Stability Type

6C4 Sa N7 [————] 13 B, c®
12C, Cs NT5 [———+] ir Not fixed
8C3; C3AT, [++——] ¢ B,C®
3Dy Doy AT [+—+-] rr 11 AW
[

6Dz Cow AT [—+++] ir A®

4D3  C3u AT [++++] @ L1 A®
Here, as in Table 17, we use ¢ and r to mark imaginary and real eigenvalue pairs of the local
linearized Hamiltonian; ¢ stands for four complex eigenvalues.

Using only Ny and energy H is insufficient to untangle the rich energy level spectrum of
the polyad. Since the system is not integrable (there is no third global integral), all we can
do is label localized states of different kinds with different sets of additional “good” quantum
numbers. When the local approximation separates into the ¢ and/or r subsystems, quantum
analysis becomes straightforward. Thus, near the two stable (elliptic) RE, which are denoted
i1, our system can be represented as a two-dimensional oscillator.

At the minimum polyad energy H (A(3)) we have an oscillator with four equivalent equi-
libria or “wells.” Near each equilibrium it is described as a two-dimensional Ds symmetric
oscillator with 1:1 resonant harmonic frequencies. In other words, we encounter a four-fold
analogue of the Hénon Heiles system. Provided that the A®) RE is sufficiently stable (the
wells are deep) we may expect to find a series of “small polyads” labeled by an additional
“good” quantum number N = 0,1,... < N ¢. The structure is similar to that already dis-
cussed for the F-mode system, albeit the number of levels is quadrupled. In particular, the
first level with N = 0 (the lowest level in the polyad) is a four-fold cluster. At the maxi-
mum polyad energy H(B®) we find a six-well two-dimensional oscillator. The wells are Cy
symmetric and have two frequencies which are, in general, incommensurate. The level system
associated with the B® RE can be described using two additional local quantum numbers
N’ and N”; the first level (the highest level in the polyad) is a six-fold cluster.

5.4.4. Combined systems with several dynamical integrals. Multiplets of combined sys-
tems are labeled with several quantum numbers. For example, rotation—vibration multiplets
of the Fy-mode system are labeled with a pair of numbers (.J, Ny) and contain 3(Ny+1)(Ny+
2)(2J + 1) states. The structure of such multiplets can be analyzed using our results for
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the individual subsystems, the principles of combining rotational and vibrational RE, and, of
course, the set of critical orbits of the T; x 7 action given in Table 15. The new idea here is
that we can continue to distinguish between the two kinds of motion, rotation and vibration,
while both of them are treated classically.

In typical molecules, vibrational and rotational quanta differ by a magnitude, and the
common experimental situation is that J > Ny. In this limit, it is often possible to separate
the whole rotational-vibrational polyad into bands, branches, or, in the terminology of [80],3
vibrational components and consider the latter for different J at fixed Ny (or/and N.). How
do RE reflect this band structure? The answer is simple: points in Table 15 with the same
rotational coordinates (ji,j2,73) give different classical limits within the same component.
Thus the Fs-mode system has three kinds of bands A, B, and C.

We recall that Fs-mode vibrations induce angular momentum 7. Rotational multiplets
of the Fh-mode polyads are split into branches due to the Coriolis coupling of J and 7 and
are labeled with the additional “good” quantum number R of the angular momentum J + 7
[81]. The Ny = 1 fundamental state has @ = 1. This state splits into three branches with
R =J-1,J, J+ 1, which diverge linearly as J increases. The “circular” RE of type
B, C (see section 5.3.2) have maximal angular momentum 7 and are the classical limit for
the R = J £ 1 branches; the A-type RE have zero momentum and give the limit of the
R = 0 branch. Provided that we add the two extra nonfixed RE of symmetry Cs A 73 (see
section 5.2.4), each classical limit branch has three types of RE with shorthand labels Cy, Co,
and Cj3; the internal structure of branches can be analyzed like that of an isolated rotational
state in section 5.2.1.

Similar analysis for the E-mode system shows that it has two types of branches A; and
Ay (see Table 15—ignore the Fy part (z1, 22, 23) and use time reversal where necessary). In
particular, the N, = 1 state has two branches. The splitting between them is determined by
higher order rotation—vibration interactions.

The number of vibrational states and, correspondingly, the number of quantum branches,
increases with vibrational excitation. The number of critical orbits and of corresponding
rotational-vibrational RE remains the same. Quantum branches that lie at “intermediate
energies” far from the limit given by the RE can be considered in the same way as quantum
states at intermediate energies of purely vibrational polyads (sections 5.4.2 and 5.4.3), i.e.,
as states with more complex vibrational localization. The RE analysis of the rovibrational
structure is simpler for low vibrational polyads.

The number of quantum states in each band and possible intersections of bands (vibra-
tional components) which can change this number is the subject of further qualitative study of
bands. This study is beyond the scope of the present basic RE analysis. We mention only that
each band can be assigned a topological index (Chern index) [82], which gives the difference
between the number of states 2J 4+ 1 of an isolated rotational multiplet and the number of
states in the band. The sum of these indexes over all components of the polyad equals zero.
Thus the number of states in the Coriolis branches of the F5-mode fundamental state equals
2R + 1 and the indexes are £2 and 0. In the E-mode polyads the indexes can equal only 2 or
4 modulo 6 [80].

33Note that the index introduced in this work equals one-half of the Chern index introduced in [82].
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6. Dynamical invariants of the reduced system. In the previous sections we analyzed
the action of the symmetry group on the reduced phase space of our system and predicted
its RE entirely on the basis of this analysis. We defined RE explicitly (Table 15) in terms
of coordinates (z, z) of the initial system (2.1). Any given reduced Hamiltonian H.g can be
expressed in terms of (z, Z) and the energy—action characteristics of fixed RE can be computed.
Stability of RE can be determined using local expansions of Heg. Those RE whose position
on the reduced phase space changes (as a function of energy or parameters) are found as
conditional extrema of Hug(z,z) on the reduced phase space.

The use of initial coordinates (z, z) has, however, obvious limitations. These coordinates
are not well suited to studying dynamics on the reduced phase space CP? x CP! x S?. The
more appropriate way to analyze the reduced system is in terms of dynamically invariant
functions, which can be constructed of (z,z) [44]. In the following sections we show how
invariant polynomials in (z,Z) can be used to describe the reduced system. We will use
invariants to (i) express the reduced Hamiltonian H.g most compactly and unambiguously,
(ii) define nonlinear coordinates on the reduced phase space CP? x CP! x S, (iii) describe
the action of the symmetry group T, x 7 on this space, (iv) describe the dynamics of the
reduced system, and (v) characterize RE in terms of both their position on CP? x CP! x §?
and stability.

We consider appropriate dynamical symmetry and its reduction in order to introduce
dynamical invariants of degree 2 in (z, Z) (section 6.2 and Table 21), which generate the ring
of all invariant polynomials. All terms in H.g can be expressed as various powers of these
generators. In section 6.3 we describe the structure of the ring of invariant polynomials using
the Molien generating function, and later in section 6.4 we define an integrity basis in order
to represent uniquely each invariant polynomial in this ring. In particular, all remaining
dependence on the A; variables is expressed as a power series in the 1l-oscillator action n,.
This happens because the Ay vibration does not change the geometry of the molecule.

6.1. Reduction of the initial rovibrational system and normal form H.g. The zero order
Hamiltonian of our system is a sum of three harmonic oscillators,

(6.1a) Hy = wa,ng + wWgNe +wrynyg + 07,

where n,, ne, ny, and j represent oscillators with degeneracy 1, 2, 3, and 2, respectively.
Explicit definition in terms of initial symplectic variables (z, z) is given in Table 21. The first
three oscillators describe the Ay, E, and F5 vibrational modes, respectively. The reduced
rotational subsystem is lifted to an auxiliary degenerate two-oscillator system with dynamical
variables (zg, 27, 26, Z7), which is more convenient in computations.

The complete initial rotation—vibration Hamiltonian H is a power series in dynamical
variables (z, z),

(61b) H:HO+€H1+E2H2+"'7

where € is a smallness parameter, and different perturbation terms are characterized below.
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Table 21
Generators of the dynamical symmetry group action describing dynamics on CP? x CP' x S2.
Definition Definition
Na %(zaia) nyg %(2151 + 2222 + 2323)
1 _ _

. _ _ T3 52121 — 2222

J %(2626 + 2727) f( ' 71 )

. 1 n3  5(23%3)
g2 (2627 + 27Z6) T _

. 1 S1 5(2223 + 2322)

g3 3(z6Z7r — 27%6)i 1 g

. 1 t1 5(2223 — 23%2)1

J1 3(z6Z6 — 2727) P ~

s2 g(217 + 23%1)

Ne %(2424 + 2525 ) to %(2321 — 2123)’i

v —g (2425 — 25Z24)1 S3 %(2122 + 2271)

V2 i(252’5 — Z4%Z4) ts %(2122 — 2221)8

v3 i(z4z5 + 2574)

Order Degree Type of the term

€ 23 Cubic anharmonic terms
€ 2t Quartic anharmonic terms
225 Coriolis interaction
52 “Rigid rotor” rotation

When the frequencies wy,, wg, and wp, are incommensurate, nq, n., and ny can be
regarded as three approximate integrals of motion with values N, (see footnote 26), N, and
Ny, respectively. The fourth integral j with the value J is the amplitude of the total angular
momentum, which is strictly conserved.

We can now reduce (normalize) perturbations Hi, Ha, etc. in (6.1b) by removing all
terms which do not Poisson commute with integrals ns, n., and j. (Note that a priori
{H,j} = 0 since j is a strict integral.) In other words, we reduce the action of the dynamical
4-torus symmetry group T* (see footnote 26) on the initial 16-dimensional phase space with
coordinates (z,2). This group is defined by the flow of four Hamiltonian vector fields X,
Xnes Xno, and X;. The normalized Hamiltonian Heg, also called the reduced and/or effective
Hamiltonian, or simply the normal form, is invariant with regard to this flow.

6.2. Invariant polynomials of the oscillator symmetry. The dynamical symmetry of each
oscillator subsystem has the form

(6.2a) @ : R x C, — Cy : (t,2) — exp(it) 2

where dimension k& can be 3 (Fy mode), 2 (E mode and rotation), or 1 (4; mode). The
conjugate vector z transforms, of course, as follows:

(6.2b) (t, %) — exp(—it) 2

It follows that all monomials in (z,Z) that are invariant with respect to ¢ are of even total
degree and have the same degree in z and z, e.g., 2;Z;, 2i2jZm 2], etc. Furthermore, all invariant
polynomials can be expressed using quadratic monomials of the form zZz (or similar homoge-
neous polynomials of degree 2), which generate the multiplicative ring R of all polynomials
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invariant with respect to ¢. Since ¢ is a flow of the vector field of the linearized system with
Hamiltonian

1
Hy = 522 = 5(2’121 + 2029 + -+ Zkik),

all polynomials in this ring Poisson commute with Hj, which is an integral of motion for the
reduced system.

Generators are defined explicitly in Table 21. In the case of the rotational subsystem,
the generators are the familiar components ji, jo, and j3 of the angular momentum whose
amplitude j is a constant. Since the reduced phase space of the 1:1 oscillator and that of the
rotator are diffeomorphic, CP' ~ S?, the generators vy, vo, and v for the E-mode polyads
can also be considered as components of an angular momentum with fixed amplitude %ne [69].
The reduced Fs-mode oscillator system is described by nine linearly independent generators.
The integral of motion ny, and polynomials x3 and n3, are combinations of the actions of the
individual oscillators,

1
np = —z1zp, k=1,2,3.

2
Invariants s and ¢ can be considered as inner and exterior products of 2-vectors,
1 _ _ ? _ _
Sa = i(zﬂwzﬂ) : (Z’sz’y)a ta = i(zﬁazﬁ) A (Z'Y7Z’Y)'

This construction of invariants goes back to Weyl [83].

6.3. Generating function for oscillator symmetry. Once the action of the dynamical
symmetry on the initial phase space C} of the k-oscillator is defined explicitly in (6.2) we
can compute the Molien generating function g(\), a heuristic tool [48, 49, 50, 84] suggesting
certain structural characteristics of the ring of invariant polynomials in (z,z). The function
g(A) can be obtained directly from the Molien theorem [83]

1 2 dt

(6.3) g(A) = o0 0 m7

where the 2k x 2k matrix U; represents the action of the dynamical symmetry in (6.2) on both
z1,...,2; and z1,..., 2N, i.e., on all phase space variables used to construct invariants. We
can see from (6.2) that U, is a diagonal matrix

(6.4) Uy = diag( e, ... e e ™ ... e ™),
k times k times
and that
1 2 dt
6.5 )= — : .,
(6:5) 9 Qﬂ/o (1 — At )k(1 — Ne—it)k

After changing to the complex unimodular variable

do

(6.6) 0 = exp(it), dt= L
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the integral (6.5) becomes a Cauchy integral

1 0+—1dp
(6.7) g()‘) = Tm ?{9|=1 (1 — )\9)]@(0 _ )\)k'

Here we note that the formal real variable A is used in Taylor series expansions of g(\) and
the value of A can be assumed arbitrarily small. In particular, we can have |A\~!| > 1. Since
our integral has a single pole §# = X of order k£ > 1 within the unit circle |§] = 1, the Cauchy
integral formula yields

1 akfl 01471
(k— 1)1 00F—1 (1 — \g)F

(6.8) 9(N) =

i

and in particular,?*

(6.9a) 9oy s (A) =1/(1 = X%,
(6.9b) 9essi(A) = (14 2%) /(1= X%,
(6.9¢) 9cs/s1(A) = (1+ 427 + M) /(1= N%)3,
_ 2
(6.9d) 905,751 (A) = E(k g 1) )\25/(1 — %)%l
s=0

Here the formal variable A represents any of the variables z and z. Since all invariants are of
even degree in z and Z, the degree in A is also even. We can, therefore, change to variable

p= A,

which represents generators in Table 21. We can also omit one factor (1 — A?) in the denomi-
nator of (6.9) that represents the principal oscillator invariant. Then

(6.10a) gepr () = (14 p) /(1= p)?,
(6.10D) gep2 () = (L4 4p+ %) /(1 = p)*.

6.4. Integrity basis. All functions invariant with respect to the dynamical symmetry
(6.2a), and in particular the reduced Hamiltonian (the normal form) Heg in (2.4), can be
expressed in terms of generator invariants in Table 21. Coefficients ¢ in the Taylor series for
the corresponding Molien function g(A) at A = 0 give the total number of linearly independent
invariant polynomials of degree k. Even though the generators themselves are linearly inde-
pendent, there are algebraic relations between them and the representation of ¢, invariants of
degree k in terms of such generators is not unique.

For example, the components of the angular momentum obey the relation

j% +j§ +j§ = j2 = const.

34 Alternative derivation of generating functions (6.9) was given in [84].
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Due to this relation, the ring of all invariant polynomials generated multiplicatively by (j1, jo, j3)
is not free. To express any member of this ring unambiguously we can use monomials of the
type j{‘jg 75, where a and b are arbitrary nonnegative integers and c equals 0 or 1. In other
words, the ring generated by (j1, j2,j3) has the structure [48, 49, 50]

R(jij) b {1aj3}>

where R is a polynomial ring generated freely by j; and jo. This structure is described by
the Molien generating function

(6.11) 95 = (14 ;) /(1 = p5)*,

where the formal variable p; represents any of (j1, j2, j3), the two denominator factors (1 — ;)
suggest two main (or principal) invariants of degree 1 in (ji, j2, j3), while numerator terms 1
and p; suggest auwxiliary invariants of degrees 0 and 1. Such decomposition of generators into
principal and auxiliary is called integrity basis.>®> Our example shows that the choice of such
basis is not unique. Thus we can equally use (jo,j3) and j;. Similarly, all E-mode invariant
polynomials constitute the ring

R(va,v3) @ {1,v1}

described by the generating function

(6.12) ge = (1+ p1e) /(1 — pre)®.

Note that v; changes sign under time reversal 7, while v and v3 are 7-invariant. Choosing
v1 as an auxiliary (numerator) invariant is convenient for further symmetrization with respect
to 7.

The choice of the integrity basis is more difficult in the case of the 1:1:1 oscillator system
(F mode) with the reduced space CP?.3® There are nine quadratic relations (“sygyzies” of
the first order) among the generators,

(6.13&) t% + S% —4nsng =0, t1tg — s159 + 2s3n3 = 0, Sots + s3to + 2n1t; = 0,
(613b) t% + Sg —4nsny =0, ti1t3 — s183 + 2s9n9 = 0, S1ts + s3t1 + 2naete = 0,
(6.13c¢) t% + S% —4dning =0, totg — s983 + 25117 = 0, S1to 4 sat1 + 2nsts = 0,

as well as other relations of higher degree. The Molien generating function

(6.14) gr = (U 4+4pp +p3)/ (1 — pp)?,

with py representing any of the generators {x3,ns,s,t}, suggests that all four principal in-
variants can be chosen from {x3,ns, s,t} and that there should be four auxiliary invariants of

35Such decomposition is known as integrity basis [83], homogeneous system of parameters [110], or Hironaka
decomposition [111].

36The number of principal and auxiliary invariants and their degrees in (z, Z) can be deduced from the Molien
generating function. This function, however, does not suggest the explicit construction of the generators, which
may not be unique or may not be possible at all.
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degree 1 and one of degree 2. The choice of four main invariants is far from arbitrary. One
possible representation of the structure of this ring is

R(x3, 51, 52,53) ® {1,n3,n3,t1, 1, 3}.

If we use this integrity basis, relations (6.13) should, of course, be rewritten in order to replace
ny1 and ng as

nlzé(nf—ng—f—ac;;), TLQZ%(TLf—ng—LBg).
To obtain an unambiguous expression of the reduced rotation—vibration Hamiltonian H.g

defined on CP? x CP' x S?, we should combine the three integrity bases introduced above.
The direct multiplication of the three rings is described by the generating function

Ltpp+3ip+p7 14+ 147
(1 —pup)? (1= pe)? (1 — fzj)%

9 =9f9e9; =
where p and i stand for 7-invariants and 7 -covariants. We can use main invariants
R(QS‘3, S1,82,83,V2, ’Ug,jil, ]72)
and auxiliary invariants

. 2 . )
{Lﬂ? J3, M3, M3, ﬁa thv tj7 v1J)3,N3v1,N3v1,
. 9. . . .
t1v1, tav1, t3v1, N3J3, N3J3, t173, 1273, 1373,

. 2 . . . .
n3v1J3, n3v1Js, t1v1J3, tav1]3, t3v13 }.

All polynomials in the above integrity basis are chosen to be either invariant or pseudoinvariant
(change sign) with respect to the time reversal 7'; the pseudoinvariants are underlined. This
helps further symmetrization in section 7. Of course, we should multiply our ring by all
integrals R(ng,ne,j). More rigorously, we should first express the normalized Hamiltonian
Haf in terms of the above integrity basis and R(ny,ne, j), and only then we replace ny, ne, j
with their constant values Ny, N, and J, and thus obtain the reduced Hamiltonian Heg.

7. Dynamical invariants symmetrized with respect to finite symmetries. While the
integrity basis introduced above in section 6.4 serves the purpose of dynamical (oscillator)
symmetry reduction, further modifications should, in principle, follow in order to take the
finite symmetry of our system into account. In particular, a symmetrized basis allows us to
express (2.4) using the minimum number of (linearly independent) terms whose coefficients
can be treated by spectroscopists as free phenomenological (or “adjustable”) parameters.

7.1. Symmetry properties of dynamical invariants. We first find the action of the sym-
metry group Ty X 7 on the generators in Table 21. Before considering T,; x 7, we explain the
action of two basic symmetry elements, the rotation C} and the time reversal 7.
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7.1.1. Spatial axial symmetry. Consider a rotation C, of the Euclidean 3-space about
axis 1 by angle ¢, which equals 27r/k in the case of the discrete operation Cj with k = 2,3, ....
The action of C, on the coordinates (g1, q2,q3) is defined by the familiar 3 x 3 orthogonal
matrix

g (Sharer ) Mo=( e ).

Components of the angular momentum (ji, j2, j3) also transform according to this matrix.

To understand the action of C, on the E-mode reduced space CP!', consider the rotation
of the complex plane with coordinates (z4, z5) defined by matrix M (p) in (7.1) (recall that
we rotate the (qq,q5) and (p4,ps) planes simultaneously) and show that the corresponding
rotation of the 3-space with coordinates (vi,v2,v3) defined in Table 21 is given by the 3 x 3
matrix in (7.1). It follows that for the 2-sphere S?, which is defined as v} + v3 + v = {N?
and is isomorphic to CP', axis v is the corresponding symmetry axis of rotation. It can be
equally verified that (due to the particular choice of variables (ji1, j2,j3) in Table 21) similar
rotation of the (zg, 27) plane corresponds to the symmetry axis js.

To find how C, acts on the CP? space, we can rotate the complex space C3 with coordi-

nates (21, 22, z3) using the matrix
M(p) | O
0 1)’

where M () is the 2 x 2 matrix in (7.1), and show by a direct calculation that the action of
this operation on the invariants

(583 Ss) (52 81) (tl tz) ’

<Y R =y = ] =y = | ns, )

v2've)t o \Vatvae)t \Vvatve)t T

is given by the matrix diag(M (2¢), M(p), M(¢),1,1), i.e., that these invariants realize rep-
resentations of the SO(2) group of indexes +2, +1, 1, 0, and 0, respectively.

7.1.2. Time reversal symmetry 7 (or Z3). Recalling the action of 7 on the initial
vibrational variables (z, z), we can see that vibrational generators ve, vs, s1, S2, S3, x3, and
ng defined in Table 21 are invariants of the Zs action, while vy, 1, to, and t3 are covariants,

(72&) (51552a83) - (81,82753)7
(72b) (3337”3)”27”3) - (x37n37v27v3)5
(7.2¢) (t1,t2,t3,v1) — (—t1, —t2, —t3, —v1).

Integrity basis polynomials in section 6.4 are chosen as either 7-invariant or 7 -covariant
(antisymmetric or antisymmetric with respect to 7). We can easily symmetrize this basis
with respect to 7 by taking squares of the principal 7-covariants j; and jo and excluding
all auxiliary covariants. The corresponding transformation of the generating function 91 9egj
[48, 49, 50] begins with multiplying by

1+ X2)?/(1+ 0?2 =1+ 15)*/ (1 + 15)°
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(to transform the denominator) followed by expanding the numerator and sorting out all
numerator terms which represent 7 -invariants. The resulting generating function

1+ p+ 192 + 6p3 + 19u* + 1 + b
(1= )01 — p?)? ’

where p replaces any of formal variables {yif, pe, ptj} and {fiy, fic, fi;} for T-invariants and 7-
covariants, respectively, describes polynomials on the phase space CP% x CP! x S?, which are
invariant with regard to both dynamical and time reversal symmetry. The detailed expression
for the numerator of (7.3) shows the origin of the auxiliary integrity basis invariants:

(7.3)

L+ pig + 407 + 3figfic + 3ficfiy + Ofisfi; + 3[i;
+ B(pfi; + Bfupfiefiy + Bpthiefi + 3pi
+ Ofipfefis + Bigfil + lefl + fifflefl + (i} ie]ls-
7.1.3. Finite symmetry Ty X 7. The action of Ty x 7 on the dynamical variables in
Table 21 can, in principle, be found on the basis of sections 7.1.1 and 7.1.2 if we introduce

an appropriately rotated coordinate frame to study each particular axial symmetry element
of the Ty group. Otherwise we can consider tensor products

!

r r
{ZE X ZE} and {2F2 X ZF2}

of vectors zf% = (21,29, 23) and 2% = (24, z5) that transform according to irreducible repre-
sentations I' or TV of Ty (and T, x 7T) and express these products in terms of invariants in
Table 21. A straightforward calculation using Clebsch—Gordan coefficients for cubic groups
[85, 86, 87, 88, 89, 90, 91, 92, 93]37 gives

ne =5 [T XET]
o=t [,

(va, v3) = \f 28w )"
(t1,t2,t3) = —\if 27 x gFQ]Fl’

) Q(K,T)
trf

370ur parameters h?}K’F correspond to in [92] times a constant (see [13]). The values of parameters
are in spectroscopic units of energy, cm™*.
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The transformation properties of the generators now can be obtained explicitly from the ma-
trices in Table 4 and equations in section 7.1.2. In particular, (¢1,t2,t3) and (s1, s2, s3) realize
irreducible representations Fy, and Fy, of Ty x 7. We can further note that the compo-
nents of the 3-vectors ¢f2, pf2, and 22 = ¢ — ip™ transform according to the irreducible
representation of index 1 of the 3-space rotation group SO(3). We can also show that

3ng —n
nf, (tl,tQ,tg), and (81,82,83,f,.%'3>

V3

transform according to the irreducible representations of SO(3) of indexes 0, 1, and 2, respec-
tively.

Variables (ji,j2,73) are components of the total angular momentum, which is an axial
vector transforming according to the irreducible representation 1 of the SO(3) group and Fj
of the O group. We can see from (3.1¢) that (ji, jo, j3) realize an irreducible representation Fi,,
of Ty x T. (This Op-like notation should not be confused with Fi4, which is the representation
of the spatial group Oy, C O(3) realized by (j1, j2,J3)-)

7.2. Symmetrized integrity basis. Once the symmetry properties of the dynamical vari-
ables are established, the integrity basis in sections 6 and 7.1.2 can be symmetrized with
regard to the finite group Ty x 7 and can be used to describe the ring of all polynomials
invariant with regard to Ty x 7.

7.2.1. Symmetrized basis for the rotational subsystem. The ring R of polynomials in
{j1, 72,73} invariant with respect to the action of Ty x 7 has the same structure as the ring
of polynomials in {z,y, 2z} invariant with respect to the action of the Oy, group of transfor-
mations of R3. In both cases we construct an integrity basis using the components of the
triply degenerate irreducible representation Fi, realized by {j1, jo,js}. The Molien generat-
ing function g(Ai4, F1y4; A) in Table 22 indicates that the ring R is freely generated by three
invariants j2, r4, and rg of degree 2, 4, and 6, respectively. (In molecular literature these
invariants have several definitions, such as Q4 and Qg in [31, 79] and R**41) and R%(6:41) in
[85, 86, 87, 88, 89].) Thus, up to degree 6 in j, a purely rotational effective Hamiltonian of a
tetrahedral (or octahedral) molecule has only siz parameters corresponding to terms j2, j4,
r4, 55, j%ry, and 7.

To express terms in the reduced rotation—vibration Hamiltonian we also need to construct
I-covariants (i.e., polynomials that transform according to representation I') for all irreducible
representations I' of Ty x 7. Corresponding Molien generating functions g(I", Fi; A) have, of
course, the same denominator as g(Aig, Fi,;A) but also have a numerator num(I') which
describes auxiliary I'-covariants. The ring of ['-covariants is a product of freely generated
R(j%,74,76) and a finite set of numerator I'-covariants. One possible explicit choice of these
covariants is suggested in Table 22. (See [94] for the discussion of integrity bases for point

groups. )
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Table 22
Molien functions and possible explicit definition for invariants (I = Aig) and T'-covariants of the action
of the Oy, group (and of the isomorphic group Ty x T ) constructed from the components {x,y, z} of the triply
degenerate irreducible representation Fi,,.

' num(I)* Invariants and T-covariants*’
Ay 1 > +y? +2°
o'+ oyt 4 2t
22?22
A X° zyz(a® —y?*)(y® — 2°)(z* — 2?)
Ay X @ )~ ) o)
Aoy A TYz
By AZ4 V32 — 22), v + 2 — 2%
{(V3(y* — 2", y* + 2" — 22"}
E., XN4+X zyz{y® + 2% — 22, V3(z*> —¢y?)}

zyz{y* + 2* — 22, V3(z* - y")}
Fig M2+ {07 = 2)yz, (22 - 2?)za, (o — y*)zy}
{(z4 — Y2z, (24 — 22z, (2 — y4)xy}
{(2° = Oy, (2° — 2°%)za, («° — y°)ay}
Fiu A+X4+ M {z, y, 2z}
{2%, v°, 2%}
{2° o°, 2}
Foy N+ A 4+ {yz, 2z, zy}
{2%yz, y?zx, 222y}
{x4yz, yrzx, z4my}
Fouw N+ 4+ {zy? - 27), y(z® —2?), 2(z> — )}
{1132(:[/2 _ 22), y2(22 _ l‘2), 22(1,2 _
{z'(y* = 2%), ¥'(z* = 2?), 2'(2" — ¢?)

N U WA R NUTWHFOODDERE JUUERENWODS OO O N
w
oo

7.2.2. Symmetrized basis for the E-mode subsystem. The three components {v1,v2, v3}
of the induced vibrational angular momentum of the F-mode transform according to the
reducible representation Af @ E’ of Dsy, (v1 transforms according to A] and {vs,vs} span the
doubly degenerate irreducible representation E’). The structure of the integrity basis for the
invariant and I'-covariant polynomials in {vy, v, v3}, i.e., for the functions on the vibrational
E-mode phase space CP! ~ S2 is described by the Molien functions g(A}, Ay ® E'; i, \) and
g(I', AY @ E’; i, A) in Table 23.

Table 23 also suggests the explicit form of the integrity basis polynomials. One of the
principal second degree invariants is, of course, the oscillator integral %ne = v} +0v2+ v%.
We also note that the cubic invariant v3 — 3vv3 represents the three-fold symmetry and that
the reduced vibrational F-mode Hamiltonian should go up to degree 6 in the initial variables

38Maximum index of the irreducible representation of SO(3).
39Molien function for T-covariants g(T', Fi.; \) equals

num(T)
(1 =221 =241 —X9)

= num(r) g(A1g, Fio; >\)

19 Axes {x,y, 2} correspond to symmetry axes Clj.
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Table 23
Molien functions and possible explicit definition for invariants and I'-covariants of the action of the Dsp,
group (and of the isomorphic group (Ty x T)/D2) constructed from the components z ® {x,y} of the represen-
tation AY @ E’.

I  num(D)**?  Invariants and I-covariants®®**
1| 2+ 427, 27, 2% - 3ay?

A'}’ a o
2 A 3yz —y

Az N 2(3ya® = )

E' AN {z,y}, {v* — 22,22y}

E" p(A+X%) {2y, —2a}, {222, 2(2” — )}

Table 24
Molien generating functions for invariants (I' = Aig) and I'-covariants of the action of the Oy, group (and
of the isomorphic group Ty X T ) constructed from the components {x,y, z} of the triply degenerate irreducible
representation Fag.

5 num(l-\)4(i,47

Ay THXFX X L0420

Azg  2X3 AT A% 205

Ey A+222 423 220 1205+ X8 4207 4 )8
Fig  AZ43X3 45X 4505 +3X5 + )7

Fog  A+2X2 1303 430" + 305 4 30% 4+ 207 + )8
Aty M2+ 225 4+ 084000

VP LR LRI LIy LN

Eu N 42232430430 + 2054 )7

Filu A+XNZ 4303+ 405 308 £ 0\7+ )08
Fou 2224 3X3 + 401+ 405 + 308 + 27

(¢,p) in order to represent adequately the symmetry of the system.

7.2.3. Symmetrized basis for the Fs-mode subsystem. Generating functions for the
invariants and covariants of the O and Ty group action on the CP? are given in [84]. The
generating function for the invariants has the form

14223 + 30 +3X° + 206 4 )9

(7.42) (1= A2)2(1 = M) (1 — M)

41 Molien function for I-covariants g(I', AY ® E’; u, \) equals

num(T")
(1 =221 =231 - p?)

=num(l") g(A3, AY @ E'; 1, A).

42Formal variables p and ) represent z and {z,y}, respectively.
43In the case of the E-mode {z,z,y} = {v1, vz, v3}.

44 Axes z and z correspond to symmetry axes C3 and Co.

43 and u label T symmetric and 7 antisymmetric representations.
46 A1l functions have the same denominator as in (7.4b).

4"The formal variable A represents zZ, where z is any of (21, 22, 23).
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The corresponding integrity basis is further simplified due to the 7-symmetrization, which
removes half of the auxiliary (numerator) invariants. The function (7.4a) becomes

T4+ 4+ A X+ A0 400

(7.4b) (1= N22(1 - N)(1-N)

Generating functions for covariants are given in Table 24.

Coefficients ¢j, of terms A\* in the formal series expansion of the generating functions
in Table 24 equal the number of linearly independent polynomials of the kind z¥zF. Thus
expansion of the function (7.4b)

(7.5a) 14202 4207 + 50 + 505 4.+

suggests that there are two linearly independent (T} x 7 )-invariant terms z3z3. This does not
include polynomials built with powers of the scalar ny that can be taken into account if we
divide (7.4b) by one more (1 — A). Then the corresponding formal series

(7.5b) L4+ A+ 302 4+ 503 4 100" 4+ 15)° 4 - -

indicates five terms of degree 3, of which three should, obviously, contain ns. In fact there is
n? and two terms of the kind nfz222.
The generators of the rings of T,; and (T x 7 )-invariants and covariants can be constructed

from the polynomials of the forms

abc| o b cp_gor column
(7.62) lpqr] = A% AR permutations
and
(7.6b) (abc) _ labc} n [pqr] '
pqr pqr abe
In particular, ny = %[}88]. The Molien functions in Table 24 characterize heuristically the

structure of these rings. The denominator of the function (7.4b) tells us that there are two

2272, one 2°%z°, and one z*z* principal integrity basis invariants, which can enter in any

degree in the expression for other invariants and covariants. The concrete choice of these four
principal invariants,

110 200 111 400
(7.7a) [1101’ lozo]’ lm]’ (022)’

and five nontrivial auxiliary (numerator) invariants,

(7.7b) 300 301 410 411 702) (612
’ 120 /7 \121)7\032 /71033 )" \ 144 054 )"

is suggested in [84].
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7.2.4. Symmetrized basis for the complete system. Once we take all symmetries into
consideration and combine the three subsystems, the integrity basis becomes very complicated.
Resulting symmetrized principal polynomials and a large number of auxiliary polynomials
require high powers of dynamical variables and will not be used here. Instead, we will study
both the group action of Ty x 7 and the dynamics of the reduced system in terms of simpler
dynamical invariants in Table 21. In the next section we briefly describe the tensorial basis,
which we use to express the effective Hamiltonian Heg (normal form).

7.2.5. Tensorial bases used in molecular literature. Instead of using an integrity basis of
the kind described above, spectroscopists represent their effective Hamiltonians using tensorial
bases constructed by the rules of the tensorial product of the finite symmetry group of the
system. For example, the F5-mode Coriolis term is constructed as

Ay
- = Q (tv j) :
V3

(This term is invariant with regard to a larger group SO(3).) Such bases guarantee complete-
ness but cannot exclude the possibility of linear dependence among terms of a given order. At
low orders, where such dependencies are few or nonexistent, this is tolerable. Explicit construc-
tion of all linearly independent terms of a given degree using the standard coupling scheme of
tensors adopted in molecular spectroscopy is often nontrivial. The difficulty increases rapidly
with degree. Of course, all spectroscopic tensors can be expressed using generators in Table 21.
Some of the most frequently used terms [13] are given in Tables 25 and 26.

. oo
HzFQ X ZFQ} x jf1

8. Group action, fixed points, and invariant subspaces. The action of the symmetry
group of our system Ty x 7 on the reduced phase space CP? x CP! x S? is not free. Our main
interest is in the fized points of this action and in the subspaces of CP? x CP' x S?, which
are invariant with regard to the spatial symmetry group 7, and are therefore dynamically
invariant.

In section 4 we analyzed the action of Ty x 7 using complex dynamical variables z of the
initial system (see section 2.2). Below we obtain the same results using the dynamical invari-
ants in Table 21 and their symmetry properties. These invariants serve both as dynamical
variables of the reduced system and as polynomial “coordinates” on the reduced phase space
CP? x CP' x S?. We use invariants in order to remove the dynamical symmetry Gayn = T4
(see footnote 26 and section 6.1) and to avoid the ambiguity of the (z, Z) coordinates. (Indeed,
the values of generators in Table 21 specify uniquely a Ggqyy orbit, which corresponds to a
distinct point on CP? x CP! x S2.) At the same time, we cannot label orbits of the finite
group Ty X 7 because our polynomials are not symmetrized with regard to Ty x 7. Instead
we find concrete fixed points (and invariant subspaces) for concrete stabilizer subgroups of
Ty x T. Results are summarized in Tables 27 and 28.

8.1. Fixed points in the presence of spatial axial symmetry. We return to the general
discussion of the axial symmetry in section 7.1.1. The action of any spatial rotation C), with
k =2,3,...,00 on the CP! space and on the isomorphic 2-sphere S? has two fixed points.
These points lie on the symmetry axis. Thus in the j3 axis example,

J1=J2=0, jg3==J.



324 EFSTATHIOU, SADOVSKII, AND ZHILINSKII

Table 25
FEzxpression of spectroscopic tensors used in effective rotation—vibration Hamiltonians for the E and F»
modes in terms of dynamical invariants.

0
Hi, ny

0
H,. Ne

2 . . .
H}Ecl’pl) —%(t:ajza + toje + t171)
2

J? j
VAL 9 1o o
eeee Zne — U
1
Vegee \/5 (Zni + ’U%)
1 2 1
Vf/}lff 5(3% + 55 +53) +n3 — 3nsNs + gxg,
V2 (3 3 1
Vi L2 (504 Snd 4 ged e — i — o3 - )
1
v, gﬁ("? — x5+ 2nyns — 3n3)
V:;‘ef 1 ngne + L(3n3 —nyg)vz + 1m3v3
2v/3 2V/3 2
1 1 1
Ve};if mnfne — Q—ﬁ(iing —ng)vg — 5303
2(0,A 4
Hy *gnff

. 1 )
H}%(fQ’E) V2(3n3 —ng + x3)j5 — 2V2 (7'L3 — gnf) j°
+\/§(37’L3 —ny — :C3)j12

4
)7 S —— 51J372 + s293J1 + 837271
F2(0.41) _2\/5 .2

Ne
v
2. . . . .
PP 26w (557 = 55 — 3t ) + 22wt - 35)

H33A2)  _16v/3 01535071

J! i*
10 (a, a, 22 202, o2y 1.
@AY 16% (33 i+ gagt = 0T+ d2) + 514)

In the complex coordinates (zg, 2z7) these points can be represented as (1,0) and (0,1). The
analysis is the same for the F-mode space.

Rotation Cj, with k£ > 2 acting on the CP? space has three fixed points. The action of
this operation on the dynamical invariants is described in section 7.1.1 for the case of rotation
about z3 (take ¢ < 7 because k > 2). In this case, we find that

1’3283:82:81:t1:t2:0
at the fixed points. Substitution into (6.13) gives

(I—mm=1-n)ts=n>—1t3=0,
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Table 26

Relation between low degree polynomials constructed in terms of integrity basis and spectroscopic tensorial
terms. Only leading terms are taken into account (i.e., classical limit commutativity of variables is assumed).

+24\/3VEREFy 48V 2ALR A

) ) FrEfPf FrEf8f
100( |110 FyAq,FyA EF,,EF Fy Fy,Fs F-
100 [110} AV T+ 8VBV L + AVBV
[100] [200 Ay Fy, AL F EF),EF EFy,EF.
100 [020} 8\/§<2fo1f,f2ffl C - fof,lfff1 ~Vissisr
—111_ é FyAqy,FoAq
111 3VFirIrs
300 4\/5 4VA1F2,A1F2 _ VFQFQ,FQFQ _ QVEFQ,EFQ
120 frffff frrfff fEAPfSf

[100] 0
100 2Hy;
r100]°
A E F:

100 AV + V2V gy +AVBVE,
[110] F
110 23V 7y
[200] A B
020 8ViYss = WV2Vfipg
r100]°

EFy,EF: Fo Fy, Fy F. AL Fa,A, F
100 8\/§(fof,2fff2 TViirirs Vs

FI5fff

FIffrf

where n1 = no = %17 > 0 and of course ng = Ny —n > 0. This system has three solutions,
all isolated fixed points on CP?, with (t3/Ny,n/Ny) equal to (0,0), (1,1), and (1,—1), re-
spectively. The first solution is invariant with regard to time reversal 7, while the other two
constitute one 7 orbit. In the complex coordinates (z1, 22, z3) these points can be represented

as (1,0,0) and (0, 1, £7).
In the special case of the (5 rotation we can only assert that

S9 =81 =1 =ty =0.
This leaves two possibilities: an isolated fixed point
n3 = Ny, mn3=mng=1t3=353=0,
and a 2-sphere defined as

ng = 0, t%—i—s%—kx%zNﬁ.

In the original (z1, 22, 23) coordinates, the former is again the point (1,0,0), while the latter

is the CP! subspace of CP?, where z3 = 0.
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Table 27

Points in the critical orbits of the Ty x T group action on the reduced phase space CP? x CP' x S?
characterized by values of dynamical invariants in Table 21. Points are listed without their time reversal (T )
companions; upper and lover signs in the + and F notation correspond to different orbits with subscript indices

1 and 2, respectively. Matrices of stabilizers S, Célu , and C3Y are given in Table 4.
. r3 S1 S22 S3 m3 t1 t2 t3 v vz U3 J1 J2 73 .
Orbit -2 2L =22 =8 8 1 2 3 A2 03 Gabil
N, N, Ny N, NN NN, N N.N. N. J J J Croonee
A®) 00 0-1 0 0 0 0 0%} 0 2o cev
00 0 1 0 0 0 0 0F; 0 5750
V3 _
3 0-1 0 35 0 0 0 0 £3£F S50 %
1 1 1 V3 1 1
3 001 0 3 0 0 0 0%+ oL
V3
-1 0 0 5 0 0 0 0 +:F¥ o0 %%
1 1 1 V3 1 -1
-3 -1 0 0 3 0 0 0 0=+fF% 05
AP) 0 2 2 2 1 00 0 F30 0 XL i
2 2 2 1 1 1 -1 —1
2 2 2 1 1 —1 1 —1
2 2 2 1 1 -1 -1 1
B® 0 -1 _1_1 1 1 1 1 L g o EERSENS ot
1,2 53733 3 3 V3 V3 T2 V3 V33 3
0—1 L1 1 1 1 -1 - -1 o L -1-1
53 3 3 3 3 3B V3 2 Vi V3 V3
0 L_-1 1 1=t 1 -1 -1 g =11 -1
373 3 3 3 V3 B 2 3 V3B
0 L 1.1 151 -1 1 219 o =Lzl
53 373 3 3 V3 V3 2 V3 V3 V3
(3) 1 1 1 1 -1 -1 =1 1 11 1 [111]
Cr2 0O-3-3-3 3 5B T20 0 #mHmsm O
o~y 1 1 1 -1 1 1 :Fl 0 0 1 =1 =1
53 3 3 3 3 V3 B3 2 3 V3V
0 L-1 1 1 1 -1 1 L1 o =L -1
373 3 3 3 V3 V3 2 V3 V3 V3
0 L 1.1 1 1 1 -1 -1 g =1=1l_1
53 373 3 3 V3 B 2 3 V3 V3
AY) 00 0 0 1 0 0 0 0 F: 0 0 0 1 Sz
1 00 0 0 0 0 0 0+F¥ 1 0 0 5%
-1 0 0 0 0 0 0 0 0 +24¥ 0 1 0 sy
B 00 0 0 0 0 0 1 0=Fo0 0 0 1 S3
V3 x
-1 0 0 0 & 1 0 0 0¥ 1 0 0 Si
V3
10 0 0 %2 0 1 0 0+£:£¥ 0 1 0 Sy
cih) 00 0 0 0 0 0-1 0 F& 0 0 0 1 Sz
-1 0 0 0 L -1 0 0 +:F¥ 1 0 0 S%
1 1 1 V3
10 0 0 % 0-1 0 £1+£¥2 0 1 0 sy

8.2. Fixed points of the T,; X 7 group action.

8.2.1. Stabilizer S4. Orientation of the S} axis in Table 4 corresponds to the one used
in section 8.1 for the general case of a (' axis; solutions for fixed points with stabilizer C; on
the Fr-mode space CP? and on the rotational space S? are already given above in section 8.1.

On the E-mode space CP! ~ S§?; the image of the S7 operation is

a rotation about axis vy by
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Table 28
Invariant subspaces of CP? x CP' x S? with stabilizers C*Y and C5.

Values of dynamical variables and defining equation(s)

. Tz S1 S2 S3 m3 t1 ta t3 vi v2 Y3 J1 j2 Js  Orbit
tabil T3 SL 525 Ms o4tz 3 M1zl aj2ds O Topol
Stabilizer & NN, N, N; N, N; N; N. NN, J J J size Topology
C3 0 0 0 O 1 0 0 O V1 vy U3 0 0 1 6
Vi vi4u2 = % So
C3 E 0 0 o 0O O O 7 V1 V2 U3 0 0 1 6
ol + 8 =1, vi+rs+vi=1 S2 X So
x 1 1 -1
cyY 0 ¢ 0 nl1—-n71 —7 0 0 50 57 0 12
272 4207+ (2n— 1) =1 So
0 0o 0 nl—-n71 —1 0 0 -1 0 \/Li &—% 0 12

angle m. Consequently, at the two fixed points on this space, v; = v3 = 0.

8.2.2. Stabilizer C3. We can consider the C3 stabilizer using directly the results in sec-
tion 8.1. There is a fixed point and an invariant 2-sphere in CP? and two fixed points on the
rotational sphere S? (the fixed points are the same as in the case of S;). Furthermore, the
whole E-mode space CP! ~ §? is invariant because operations C3, C%, and C¥ act trivially
on this space. There is, therefore, no restriction on (vy,vs,v3). On the full reduced space
CP? x CP!' x S? we can have a point, an invariant 2-sphere, or an S? x S? space.

8.2.3. Stabilizer C3. In the case of C3, we also expect three fixed points on CP? and
two points on CP! and S? each. We first recall that (j1,j2,j3) transform according to the
irreducible representation F} of the T,; group. Considering the matrix representation of F}
for the particular operation C’?[)H” in Table 4, we can see immediately that a point on the

rotational sphere S? remains invariant (stable) with respect to this operation only if
J1=1J2 = Js.
Furthermore, since
ittt =it = 0
the two possible solutions for the fixed points on S? are
J1 = Jj2 = js = +J/V3.

These two points form one 7 orbit. There are four axes C (four conjugate subgroups Cs,, of
the T, group) and there is one orbit of the action of the full group T, x 7 that includes all
eight points on S? with stabilizer C3.

Vibrational E-mode polynomials v; and (ve,vs3) are chosen so that they transform ac-
cording to the irreducible representations Ay and E of Ty (see section 7). When the E-mode
reduced phase space is defined using equation

1
U%—{—U%—{—U%: ZNeQ

2 _
Ne =

o |
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as a 2-sphere in the ambient 3-space with coordinates (v, v2, v3), the action of the C5 operation
is equivalent to the C3 rotation about axis vy. (This illustrates the abstract statement that the
image of the Ty group in this case is a dihedral group Ds.) The two points that are invariant
with regard to this operation lie on the v; axis (on the diametrically opposite ends),

1
v = :tiNe’ vg = v3 = 0.
Since v1 has the symmetry As, these points are mapped into each other by operations S; and

Cs of Ty and, therefore, they are equivalent and form one two-point orbit. Operation 7 also
maps these points into each other.

To find the fixed points on CP? with stabilizer C’QH], we note that polynomials (s1, s2, 3)
and (t1,t9,t3) transform according to the irreducible representations F and Fj of the Ty
group, respectively. From matrices in Table 4 we conclude that at the fixed points on CP?,

(8.1a) $1 = s = s3 = o Ny, t1 =ty = t3 = TNy,

where ¢ and 7 are dimensionless. We further note that at the same fixed point (with stabilizer

0[111]
(377,3 —ny xg)
\/g ) )

5 ) polynomials
which transform according to the irreducible representation E, should vanish, i.e.,
(8.1b) 3ng —ny =2x3 =n1 —ng =0,
and since ny + ng + ngz = Ny we obtain
(8.1¢) Ny =mng =n3z = éNf.
Substituting conditions (8.1) into relations (6.13) produces equations
{(1+30’)T:O, o? 4+ 72 _ 4 o — 1% = 20}
with two kinds of solutions:
(r,0) = (0, §> and (:I:\}g,—;) )

Combining fixed points on S?, CP!, and CP? for the same stabilizer, i.e., the group generated
by the C’;[glm operation in Table 4, we obtain the fixed points on CP? x CP! x S? listed in
Table 27.
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8.2.4. Stabilizer C,. In the case of (g, solution for the fixed points on the rotational
sphere S? and on the E-mode space CP! ~ S? is again quite simple. Indeed, using F; and F
matrices of the C%7Y example in Table 4 we find that these fixed points are defined as

j1:—j2, j3:0 and 0120, ’U3:0.

On the F-mode space CP? we look for a fixed point and a C-invariant sphere (see section 8.1).
In the particular case of the CfY-invariant points we find that

t3 =0, t1=—to=7Ny, s1=52=0Ny, x3=0.
Using the notation
ny =ng = ng >0, ng=(1-n)Ny>0, s3=s5Ny,
we obtain from relations (6.13) that

72+ 0% =2(1-n)s =2(1-n)n,

”—s*=1(n—s)=0o(n—s) =

These equations have two kinds of solutions: an isolated point with
n=1, s=-1, o=17=0,
which is listed in Table 27, and a 2-sphere defined by
n=s, 2r°+20°+2n-1)7°=1

8.3. Orbits of the T; X 7 action. To find the orbits of equivalent fixed points of the
T, x T action we take the fixed points found in the previous section for concrete stabilizers
in Table 4 and act on them by all symmetry operations of Ty x 7. We use the symmetry
properties of dynamical invariants (generators in Table 21) described in section 7.1.3. These
invariants are not symmetrized with regard to T; x 7 and their values (which play the role
of “coordinates” on CP? x CP! x S?) differ for the points in the orbit. On the contrary, the
value and behavior of any Ty x 7 invariant function, such as the reduced Hamiltonian Hg,
remains the same.

Table 27 presents orbits of the Ty x 7 action on CP? x CP! x S?. The list of fixed points in
each orbit starts with the particular point found in section 8.2. Since time reversal images of
points can be easily found using (7.2), we omit them for brevity so that each orbit in Table 27
has twice the number of points listed. For example, the orbit AYL) with stabilizer S4 x 7 has
six equivalent fixed points, which correspond to three conjugate symmetry operations S7, S¥,
and S§ of the T group. The other six-point orbit Agl) differs from A§4) in the way the Fb-
and E-mode coordinates are combined.

Invariant subspaces in Table 28 also are representatives of orbits of equivalent subspaces.
There are six 2-spheres with stabilizer Oy, six S? x S? spaces with the same stabilizer, and two
different orbits of twelve 2-spheres with stabilizer Cs. Explicit coordinate representations for
all these spaces can be obtained in the same way as obtained for the fixed points.
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Table 29
Further stratification of the invariant subspaces of CP? x CP* x S* with stabilizers C*Y and C5 (Table 28)
due to residual group action.

Stabilizer Equations Topology

Ci x Ty vy =0 S

C5 x T v2 =0 S1

C3 x 71> vp=x3=£=0 Ty=51 x5

CQZXIZ; ’1}2253:0':0 nglesl
C¥ x (12,7:) o=0 S1

8.4. Residual group action on invariant subspaces. Invariant subspaces of the T; group
action on CP? x CP! x S?, which are characterized in Table 28, are not homogeneous spaces
with regard to the Ty x7 action. This has, of course, important consequences for the dynamics,
which we will analyze later.

First we can verify whether some of the fixed points of the Ty x 7 group action in Table 27
lie on any of the invariant subspaces. The presence of fixed points indicates that there is some
nontrivial residual action of T;; x 7 on the subspace. Continuing the C5 example in Table 28,

we find that two points Ag‘l) and Agl) lie on the Cy-invariant F-mode sphere, and four points

BYL), B§4), CYL), and 054) lie on the Co-invariant space S? x S?. In the particular case of C3,
the residual T, action is equivalent to the rotation by 7 about axes t3 and v in the respective
ambient 3-spaces.

A complete study of all residual symmetries can be easily done by selecting all operations
of the Ty x7 group which map invariant subspaces into themselves. Such selection is, of course,
greatly simplified by the fact that many invariants take definite fixed values (see Table 28).
Thus when studying symmetry operations acting on the invariant space S? x S? with stabilizer
C3, we consider only those operations of Ty x 7 which leave j3 invariant (such as rotations
around axis 3) or change its sign (such as reflections C; in the planes containing axis 3). In
the latter case, we should add the 7 operation to restore the sign of js3. Another simplifying
observation is that invariants used as coordinates on the subspaces often transform according
to (rows of) different irreducible representations of the T, group. In that case the residual
group can have only one-dimensional representations.

Residual group action of Ty x 7 on the invariant subspaces of the action of the spatial
group Ty on CP? x CP! x S? is characterized in Table 30. We can see that the residual action
on the Cs and C invariant spaces is equivalent to that of a Cs, and a C}, group, respectively.
(As before we use point group analogies of groups which include reversing operations 7, 7, or
75.) Due to the presence of this residual action, invariant subspaces contain lower-dimensional
strata in addition to just fixed points; see Tables 29 and 30.

9. Dynamics of the reduced system. Classical equations of motion for the reduced sys-
tem can, in principle, be obtained using initial dynamical variables (z,Zz) and the Poisson
bracket

{z,z2} ={q+ip,q —ip} = —2i
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Table 30
Residual action of Ty x T on the dynamical invariants used to represent invariant subspaces in Table 28;
note that Tz and 75 stand for Co 0T and Cs o T, respectively.

Spaces with stabilizer C3 2-sphere with stabilizer C'TY
Dynamical Classes of Ty x T Dynamical Classes
invariants I1,C2 75 Sa T invariants I1,Cs T2
F®  ty.4s 1 11 1 EY wa,ns 1 1
EY  wyng 1 111 - ti—ta j1— jo . )
E® 2505 1 1 -1 -1 e NCIG

(3)
F2g S3 1 -1 -1 1 Fag S1 + S2 1 1
2u U1 1 -1 -1 1 V2

if we consider the reduced Hamiltonian Heg as a function of (z, z). These equations of motion
should preserve all symplectic symmetries of H.g, i.e., remain invariant with regard to the
dynamical (oscillator) symmetry and to the action of the spatial group T, described in sec-
tion 7. We can, therefore, represent them in terms of invariants in Table 21 and thus obtain
equations of motion on CP? x CP! x S?. A more elegant approach is to study the Poisson
algebra generated by the invariants and then obtain the same equations directly.

9.1. Poisson algebra of dynamical invariants. Invariants in Table 21 generate a multi-
plicative ring R of polynomials invariant with regard to the oscillator symmetry. The Poisson
bracket of any two generators in Table 21 is itself a dynamically invariant polynomial function,
which is a member of R. We say that R has a Poisson structure. Invariant polynomials in
Table 21 generate a Poisson algebra and can be used as dynamical variables. The integrals 7,
ne, and ny are Casimirs. To compute the structure of the algebra, we can return to the (z, 2)
representation.

For the E-mode invariants and, of course, for the angular momentum components, we
obtain the standard algebra so(3),

{Jas s} = €apy Jvs {Va,v5} = €afy Uy
and the Euler—Poisson equations,

d . . aI{eff . aI{eff .
9.1 - Ja = H yJay = - - = J~-
(9.1a) Jo = {Heti; ja} a5, 8 gy,

dt

Dynamics on the CP? space is described by the system of equations for eight invariant poly-
nomials, which can be considered as independent dynamical variables. Since all these polyno-
mials are quadratic in (z, z), their Poisson brackets are also quadratic and can be expressed
as their linear combinations. Resulting Poisson algebra is characterized in Table 31. Given
the structure matrix M in this table, equations of motion can be written as

(9.1b) 0 = M VHe,

where 0 is a vector 0 = (x3, 51, 2, 83,13, t1, t2,t3) and M1 = —M.
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Table 31
Poisson algebra of the invariants describing dynamics on CP? x CP* x §? (Fs- and E-mode polyads and
rotational subsystem). Here x1 = na — ng, *3 = n1 — na2, 2 = ng — ni1, and x1 + 2 + 3 = 0.

81 S2 s3 N3 tq (5] t3 . )
x3 | —t1 —to 23 0 81 s9  —2s3 - ‘ J2 J3
1 —t3 to 1 2wy —s3 82 Ju s T2
S2 —t1  —i2 83 2x9 —51 J2 J1
S3 0 —s9 S1 2x3 ‘ vy Vg
ns S1 —S2 0

vL | U3 —U2
t1 t3 —t2

() U1
[5) 1

9.2. Canonical variables in the limit of linearization. In section 8.2 we found RE, or
equilibria of the reduced system, as isolated fixed points (critical orbits) of the Ty x 7 action.
To study dynamics near these RE, and in particular to determine their stability, we should
linearize Heg near them. Linearization in terms of (z, Z) variables was already introduced in
section 5.1.4.

Similarly to finding coordinates of RE in section 8.2, linearizing near an RE can be under-
stood on the example of a C}, symmetric RE whose symmetry axis is oriented as in section 7.1.1.
Axis S7 (or C4) has such an orientation, and coordinates of the RE Agg and ng on the CP?
space and rotational sphere S? (see Table 27) define, in fact, fixed points and RE for any Cf
action on these spaces with k = 3,4,..., c0.

Consider first the familiar simple case of the rotational sphere S? described by (j1, j2, j3)
or by scaled variables

~ Ji

(9.2) Ji \/jv
At the fixed point j3 = J, the only nonzero Poisson bracket is {ji, jo} = js (Table 31), and con-
sequently the scaled variables (71, j2) become the standard canonical coordinate-momentum
pair in the limit of linearization near the relative equilibrium with j3 = J. Near the second
fixed point on S? with j3 = —J (which is the time reversal image of the first point) canonical
variables will be (J2,71); i.e., j2 will play the role of coordinate and j; the role of conjugate
momentum.

The E-mode space CP! is isomorphic to a sphere S? defined in the ambient 3-space with
coordinates (v, v2,v3). We should scale these coordinates as follows:
(9.3) b = ”"ﬂ, i=1,2,3.

Ve

The S} operation acts on the E-mode sphere as rotation by 7 about axis vy; the two fixed
points with vy = +N, /2 lie on this axis. In the limit of linearization near these points we use
canonical coordinates (01,03) and (03, 01).

On the Fy-mode space CP? we proceed in a similar fashion [97]. We compute the Poisson
structure in Table 31 at each relative equilibrium and then find canonical variables of the

i=1,2,3.
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Table 32
Standard canonical coordinates and conjugate momenta for the linearization near RE with stabilizer S7 .
Space Mode*® A§4) B§4) EYI)
P So—1t1 81—t 514ty S2+1ty
(CP2 F2 tl; S1 ) ’
V2 V2 V2 V2
52,12 T3, 83 83,3
CPl E 'L~)1,'L~)3 'L~)1,'L~)3 ’[)1763
s rot g1, 52 g1, 52 J2: 1

linearization limit. After changing to scaled variables

(9.4) a; =

2Nf7 a=s,t,nx, =123,
we obtain the results in Table 32.

Another way to proceed is to find coordinates near each RE on CP? without demanding
that these coordinates be canonical. The set of coordinate invariants Ci(c) (1 =1,...,4) that
we use is selected from among the invariants n;, s;, and ¢; (i = 1,2, 3) such that the syzygy
relations (6.13), together with the constraint n; + ng 4+ n3 = Ny, can be solved in order to
express the remaining invariants CZ-(T) (1=1,...,5) in terms of (Z-(C) and Ny.

We find a set of invariants with the above property by checking that the conditions of the
implicit function theorem are satisfied. Specifically, let F; (i = 1,...,9) be the left-hand sides
of the syzygy relations (6.13) and Fig = ni + no +n3 — N¢. The invariants Cl-(r) are selected
in such a way that the 10 x 5 matrix

(9.5)

has rank 5. Then CZ-(T) can be expressed in terms of CZ-(C) and Ny. There is usually more than
one choice for Ci(c), but not all choices are equally acceptable. Since we need to actually solve
the equations F; = 0, we must try to find a set (i(c) such that the solution takes a simple form.
This can be done only by inspecting the solutions in each case.

For example, for the A(®) point (1,0,0) with stabilizer Dg‘z) x T, we find that ¢(©) =
(s2, 83, ta,t3) is a suitable set of invariants. The values of these invariants on the specific RE
are ((9* = (0,0,0,0). We define the displacement vector

AV = =c9 -9 i=1,... 4
Notice that near the RE we can express all the invariants in terms of the displacements (;.

An important difference with regard to the previous discussion is that the displacements
here are not necessarily canonically conjugate variables. It is therefore important to calculate
the linearized Poisson structure near each RE. In order to do this we calculate each Poisson
bracket {(;,(;} using the invariants, and then we express the result as a function of the

“®Notation as in Table 21 with n = Nj.
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Table 33
Dynamically invariant local coordinates at the RE on the Fa-mode space CP?.
Type of RE Poisson algebra*’
| & G G
s2=C | 0 —2n O
A(4) Déz) x T S3 = CQ 0 2n
t3 = (4
| & G G
ng — %n =G |0 0 n
A® o T s1=Co n o0
t3 = (4
| & €] Ca
s2—2n/3==_C 0 0 —2n/3
A® o T 53— 2n/3 = (2 2n/3 0
ta = (3 0
t3 = (4
| ¢ 3 Ca
ss4+n/3=C | —n/V3 0 n/3
B® ATl s3+n/3=C -n/3 0
ta—n/V3=_(3 n/V3
ts —n/V3="C(
| & & G
ns—gsn==C|-n 0 0
BW g ATW 51=Co 0 0
So = C3 n
to =Ca

displacements (;, keeping terms only up to first order. We can follow the above program for
all the RE. The results are summarized in Table 33. Observe that for most cases in this table
it is immediately obvious how to define standard canonically conjugate variables. Thus in the
case of the A®) point, we can define canonically conjugate variables &, m),

gl = a<27 m = Oé<3, 62 = Oé<4, T2 = OéCl, o= \ ﬁ’

such that the local 2-form is d&; A dny 4+ d€a A dns. The only case where the proper definition
of the canonical variables is not obvious is the case of the B®) point.

To conclude this section, we should add one important remark. The above canonical (or
noncanonical) variables can only be used to study linear Hamiltonian equations of the reduced
system near the RE. This limitation is due to the fact that the symplectic form near the RE
has a standard matrix (_9 }) only to the first order (in the limit of linearization). When
nonlinear equations of motion near the RE are sought (e.g., when bifurcations of the RE are

studied) this form should be further “fattened” in higher orders; see section V.8.2 of [11].

9.3. Dynamics on invariant subspaces of CP? x CP! x S2. In section 8.4 and Table 28
we describe three possible types of subspaces of the reduced phase space CP? x CP! x S? that

““Notation as in Table 21 with n = Nj.
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are invariant with regard to the (symplectic) action of the spatial group Ty and are therefore
dynamically invariant subspaces of the reduced system. These subspaces are either 2-spheres
S? ~ CP! or a product of 2-spheres S? x S?. Dynamics on each S? can be described by Euler—
Poisson equations. The corresponding “angular momentum” algebras so(3) are constructed
below.

The construction is most straightforward in the case of the Co-invariant S? subspace of
CP? (which can be represented using complex coordinates (z1,22) and z3 = 0). We can see
from Tables 21 and 28 that the three so(3) components can be chosen as

s3 13 ﬂfs)

(Y17 Y27 }/3) = (27 57 ?

Restricting the Poisson algebra in Table 31 to the C5-invariant sphere defined in Table 28
shows that this is indeed so(3),

{Yav Y,@} = Eaﬂvy'ya
with Casimir

N 2
}q2+yé2+Y32: <2f> .

Dynamics on the S? x S? invariant subspace in Table 28 is described using an so(3) x so(3)
algebra. The second so(3) is generated by (v1,v2,v3), commutes with (Y7, Y3, Y3), and has the
Casimir
N 2
v +vi 40k = <26) .
Dynamical variables for the C'¥¥-invariant sphere in Table 28 are obtained analogously.

Restricting the Poisson algebra in Table 31, we find polynomials

t1 —t2 s1+ 89 253—Nf>
X1, X9, X3) = , ,
(%1, Xz, Xs) <2\/§ 2/2 2

_(7’ o 277—1)N
- \/57\/57 2 f7

which form the so(3) algebra, such that

2
X2+ X34+ X3 = (?) . X XY = e X

10. Existence and stability of RE. RE are special stationary solutions of the equations of
motion (9.1), which in many cases are defined entirely by symmetry and exist for any generic
small symmetry-preserving perturbation. Isolated fixed points of the Ty x 7 group action
on the reduced phase space CP? x CP! x S? found in section 8 are necessarily stationary
solutions of (9.1) and are therefore representing RE. We show how to determine the stability
of these RE using the reduced Hamiltonian H.g defined as a function on CP? x CP! x S?.
Subsequently, we search for other RE, which are not fixed by the action of the finite symmetry

group.
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10.1. Linear stability of fixed RE. Fixed RE of our system correspond to fixed points of
the group action found in sections 8.1 and 8.2 (see Table 10, 15, and 27). Stability of these RE
was already analyzed in section 5.1.4, where we studied analytical Poincaré surfaces of section
using initial phase space variables (z,Zz). Here we use invariants in Table 21 to study RE
stability directly on CP? x CP! x S?, i.e., without lifting back to the initial phase space. As
before, we can explain our approach in the example of axial symmetry with axis C} oriented
as C} (see sections 8.1 and 9.2).

Analysis on CP? is the most difficult [97]. Using canonical variables of the linearization
limit found in section 9.2 and Table 32, we come to the problem of determining linear stability
of a stationary point in different canonical planes. Each such plane has its origin at the relative
equilibrium, and the stabilizer C, of the RE acts as a rotation Cs about the origin. In general,
the actions of C) on the initial 3-space and on the particular canonical plane can differ. We
have shown in section 7 that these actions are the same, and k = k' for all planes except
(x3,83), where k' = k/2.

In the case of C3 and C}, with k& > 4, canonical coordinate-momentum pairs in each of the
four symplectic planes transform according to a pair of conjugate complex representations of
the symmetry group (which correspond to two representations of the SO(2) group of indexes
+m). Variables x3 and sz in the case of Cy and all variables in the case of Cy transform
according to different real one-dimensional irreducible representations.

In order to take into account the full symmetry group Ty x 7, as in section 5.1.5 we should
find the action of the stabilizer of each RE on the local variables (;, defined in section 9.2.
As before, we need to define the action of the elements R of the stabilizer G of each RE
on the displacement vector d = {(;}i=1,.. 4. For this we act with R on the original complex
variables (z1, 22, 2z3). This action induces a linear action Lr on the invariants, and a nonlinear
action Ngi on the displacements ;. The last action is computed by expressing (; in terms of

the invariants Ci(T)

, acting on them with Lp, and expressing the result again in terms of the
displacements (;. The action N g) is then defined as the linearization of Ng.

The results are presented in Table 34. We can find from this table that the reducible
representation of each stabilizer spanned by the variables (; is decomposed into exactly the
same irreducible representations as the representation of the stabilizer spanned by the local

variables (z1, z2,y1,y2) of section 5.1.5.

10.2. Finding additional stationary points on invariant subspaces. In sections 8.4 and 9.3
and in Tables 28 and 30 we describe subspaces of CP? x CP! x S? whose stabilizers are purely
spatial subgroups of T;; x 7. Such subgroups are symplectic and the subspaces are dynamically
invariant subspaces of the reduced system. To find equations of motion on these subspaces
we can simply restrict the reduced Hamiltonian Heg using Table 28 and express it in terms
of dynamical variables (Y7,Y2,Y3) or (Xi, Xo, X3), defined in Table 33, and/or (v1,ve,vs).
Equations of motion then can be generated using the respective so(3) algebras. Before a gen-
eral solution is attempted, resulting equations first can be restricted to the one-dimensional
strata of the residual group action (see section 8.4). All stationary points found should satisfy
Morse conditions for the respective subspace.

As explained in section 5, we should study the Cs-invariant subspace, which is a 2-sphere
with no critical orbits of the symmetry group action (no RE fixed by symmetry). This sphere
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Action of stabilizers on dynamically invariant local coordinates on CP? defined in Table 33.

Table 34

Action of Déz) x Ton E,@FE, for the AW RE

R RO R(: R( R R RG R(: R( R
E G G2 € Ca T G G2 —CG3 —
3 G ¢ @G G C3T G —¢ € Ca
(&1 G =G G —G CIT G —G G Ca
C; -G G G Ca CGT -G ¢ G —Ca
o’ G2 G =G —G3 o¥* T C2 (1 Ca (3
o - -G Ca € o”"T -G -G -G -G
Si —C G Gt —G SiT  —( G —G €
(9~ G G G Gs SH™'T & -G G —G
Action of Sf) A 7—2(;;) on Bi®B>@FE for the BY RE
R RGi RCs RCs RGi R RG RC: RGs  Rea
E (1 C2 (3 Ca o T -G G2 —C  —(3
c3 G G —CG G o*T (1 2 Ca (3
S -G —C G+ —(3 cyT G —C2 (3 —Ca
(SH™ -G G —G G CGT G —G¢ G Ca
Action of C’é? X T on Agg®A2,®B14BB1y for the A® RE
R RG RG: RCG; RG R RG RG  RGs  RGy
E G G2 ¢3 Ca T ¢ G2 -G —G
C3 G —¢ -G Ca CT G =G G —G
o™ =G G2 G —C o™T -G G —C3 Ca
o -G -G -G -G oT =G —(e (3 Ca
Action of C&“] x T on E,@E, for the A®) RE
R R(1 R(2 R(3 R(4
FE G (2 € Ca
M G -G G —C—C (3
(cy G —G-G G —G—G
o¥* 2 (1 —Ca —(3
o G =G —C —(3 (3 +Ca
o™ =01 — (e C2 G+ Ca —Ca
T G 2 —(3 —Ca
et G- G GHG —Cs
(2T G -G G G+
Usz CQ Cl 44 CS
o**T G —CG—C s —C3—Ca
o™T - —C G2 —G—G Ga
Action of CE”] AT) on EGE for the B® RE
R R R(s R(s R(4
FE G (2 (3 Ca
Cé“” —C1 — G2 G —G—G (3
(city G —G-G G —G—G
oV T C2 (1 Ca (3
o**T G =G —C (3 —(G—CG
o™T (1 — (e G2 —G—G Ca
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S? has an invariant circle S! with stabilizer 73, which is defined by Xo = 0 (or equivalently
s1 = s3 = 0 = 0). The Morse requirements of two stationary points, a minimum and a
maximum, for both the sphere S? and its invariant subspace S' can be satisfied if the two
points lie on S*. To find these points we first restrict Heg to the Cy sphere using Table 28 and
reexpress it as a function of dynamical variables (X1, X2, X3). If Heg(X) is a Morse function,
we will always find at least two stationary points of Heg(X) on the Ta-invariant circle S'.
Such points are particular solutions to the Euler—Poisson equations

0 X3 —Xo\©

(10.1) X=[-Xs o0 X, | VxHe(X) =0,
X —X3 0

where we should set Xy = 0.
11. Examples.

11.1. Vibrational structure of the F>-mode polyads. Possible configurations and differ-
ent types of stability of the RE of the Fh-mode subsystem were studied in section 5.3.2. In
section 5.2.3 we emphasized the difference between simplest and nonsimplest Hamiltonians on
CP? and described the system of RE in each case. Below we study this system in more detail
on a model example, which is discussed in more detail in [98].

The Hamiltonian of a molecule, which has the F, mode, can be written as wH3 + H',
where to order €2

HZ =3(qi +p3) + 263 + p3) + 5(3 + p}) + eKzqiqoqs + K3 (qf + a3 + q3)
2
(11.1a) +EKA G+ +d3)?+EKi[pxdl,

and H’ represents other degrees of freedom and interaction of these degrees with the Fy-
mode subsystem (cf. section 5.3.2). In order to study this subsystem, we should consider
H' explicitly, normalize the Hamiltonian wH3 + H’, and then restrict the obtained normal
form on CP? by setting to zero all dynamical variables of other subsystems. This approach
was used in [13] for the case of the A4 molecule, where we set to zero integrals j, N, and
N,, angular momenta (j1, jo, j3), and E-mode vibrational variables (v1,va,v3); see Table 21.
Furthermore, the simple atom—atom bond model of A4 used in [13] gives

Constant w K3 K; K, K,
Value V2 3/25/4 2782\ _5/99/2  7/979/2 "

(11.1b)

Here the parameter A is introduced so that the value of K; obtained in [13] corresponds to A =
1. In the present study we focus on the Fs-mode subsystem without taking interactions with
other subsystems into account. To this end we use a simplified model, where H’ is neglected
before normalization. This model turns out to be sufficient for studying the transition from
the simplest to the nonsimplest Hamiltonian on CP2.

The normal form of (11.1a) H} = n + €*H5® + -+ can be expressed using invariants in
Table 21. In the second order Hs® we obtain
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Term Coefficient
e n? L(K3/24+ Ki + Ko + 3K /4)
& (sT+s3+s3) 3(—K3/4 - Ki+ K, /2)

€ (2nns —3n3 —a23)  (K3/24+ K, — Ks/2 — 3K./4)

Taking the T; x 7 symmetry into account (Table 25), we can verify that H5° has indeed only
three independent terms:

Term Coefficient

€ Vi, (K. —4K, — K3 +3K,)/4

¢ Vigyp (Kot K+ K3/4+3K:/2)/V/2

& Vi, (Ko+ K —K3/6)V3/2
In fact, the Hamiltonian H5® has been long suggested by Hecht [95] as a model Hamiltonian
for describing the internal structure of the Fy-mode polyads. Hecht expressed his model H5?
in terms of

2 /A E F:
(11.2a) n® = Vi + VaViss, + V3V,
(11.2b) C=t+6+16=[pxa’=n’ =3V,
(11.2¢) m=nf +n3+n = Vi, + V2V,

where the “vibrational angular momentum” #? is often denoted as I? [95, 96]. Considering
relations (6.13), we note an alternative to m or ¢,

(11.2d) s =52 4 52 4 52 =207 —2m — %
Hecht’s representation

(11.3) HY? = con? + it + cpm,

or, alternatively,

(11.3") HY? = cyn® + )t + cg8”

is particularly convenient for the order €? classification of qualitatively different normal forms
H% on CP2. We remark that the term n? is just an additive (“scalar”) energy constant (for
the reduced system on CP2, i.e., within one n polyad). Neglecting this term, the energies of
RE of the F-mode system with Hamiltonian (11.3) or (11.3") are given below.

Type of RE Haon™2 — ¢} Hon"2 — ¢
CowxT A cs 3Cm
Cso xT A 3¢ FCm
CsANT, B Cf+3cs cz—l—%cm
D2d x T A 0 Cm
SsANTya B I c + %cm
CAT; ()2(¢] - Leo) !

It follows that reciprocal energies of RE of such system and, therefore, the structure of the
vibrational polyads of the F; mode, are described (to the lowest order) by one parameter, the
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t2-limit m-limit s2-limit (_tz)

R

1
0 1/4 1/2 1
dimensionless parameter v = 7! tan"*(c; /)

. (4)
t:ms work B \
1

Figure 17. Reciprocal energies (in units of n* and without scalar part con®) of RE (bold lines) and the
structure of the n = 10 quantum polyad (thin blue lines) of the Fa-mode system in the second order model
(Hecht’s Hamiltonian (11.3")).

ratio of ¢; and ¢, or ¢ and ¢;. To study all possibilities we set ¢} and ¢ in (11.3") to cos(an)
and sin(ar), respectively. Resulting RE energies Han =2 — ¢ are shown in Figure 17.

We call the three principal limiting cases of the Fh-mode system with a = 0, %, and
1 the 2, m, and (—t2) limits, respectively (see Figure 17). All these limits have continuous
symmetries and the system is integrable. The s? limit shown in Figure 17 is indicated primarily
for convenience. It has no simple integrals and, probably, is not integrable.

The symmetry group of the t limit contains the spatial group SO(3). The energy in this
limit is a function of the vibrational angular momentum t? = (2, which is zero for the A-type
RE and maximum [ = n for the B-type RE. The corresponding quantum polyad is split into
multiplets with [ = n,n — 2,.... The (—t?) limit is the same as the ¢ limit, albeit for the
opposite sign of energies.

The spatial symmetry of the m limit is cubic, so this limit better represents the symmetry
of the system. However, this limit has continuous dynamical symmetry 7% = S x St x S1.
The energy can be represented as a function of three integrals in involution (ni,ns,ns), i.e.,
actions of individual oscillators, such that ny + ng + n3 = n. The quantum states can be
labeled with the three corresponding quantum numbers. The number of degenerate states is
normally given by the number of permutations of the set of the three integers [Ny, Na, N3]. In
the n = 10 example in Figure 17, it is either 3 or 6 (maximum).

Transition between the ¢ and m limits has been studied by Patterson [96], who remarked
that Fh-mode polyads of certain molecules, such as SiFy, SFg, and UFg, belong to the interval
of a = [0, ﬂ On the other hand, our prediction for P, suggests that the v3 polyads of
this molecule fall into the o > 1 category. A complimentary approach to classifying vs-

2
mode systems is by specifying the intervals of a-values, where the second order normalized
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Hamiltonian (11.3") represents particular classes of (T x T )-invariant Morse functions on CP?
introduced in section 5.2.3. We can see in Figure 17 that there are at least three such regions.
Furthermore, we notice that the H5®> Hamiltonian is of the simplest Morse type only on the
interval o = (771 tan=1 2, %), where the additional nonfixed RE of symmetry Cs A 75 does not
exist.

In this paper we would like to uncover the precise role of the vibrational angular momentum
term (p x q)? in the transition between the simplest and nonsimplest RE structures. To this
end we detail our example in section 5.3.2. Note that even though (p x q)? enters in both
the initial Hamiltonian (11.1a) and the normalized (i.e., n-polyad) Hamiltonian (11.3’), the
actual vibrational angular momentum of the system is measured by the parameter K; of
(11.1a) and not by the effective parameter ¢; or ¢j. Therefore, we should take the vibrational
Hamiltonian (11.1a), replace K; with AKj, use constants (11.1b) obtained in [13], and make
A vary between, for example, 0 and 2. Normalizing and using the (s2,¢2,n) representation
(11.3’) with parameters (11.1b) gives

Cs 5K3 + 18K, 51

¢~ 18K, + 12K, — K2 —24AK, 5—16\°

It follows that we study the Fh-mode system near the s2 limit in the range a ~ [0.469,0.655];
see Figure 17.

The stability analysis of RE for A = 0, i.e., without the vibrational angular momentum
term (p x q)? in (11.1a), shows that the corresponding normal form H’% is a Morse function
on CP? of the simplest kind. In the A4 molecule model of [13] (with A = 1 and « ~ 0.567),
HZ} is of the nonsimplest kind. The transition from the simplest to the nonsimplest case is
clearly related to the (p x q)? term. The RE energy computed using the normal form of the
Hamiltonian (11.1) as a function of the parameter A is shown in Figure 18, where we also
indicate the Morse signatures and stability types of the RE. As can be seen in this figure,
the B-type RE, which are shaped as loops in the configuration space (see Figure 16) and
thus induce the maximum vibrational angular momentum, respond largely to the change of A,
while the energy of the A-type RE remains unchanged. As a consequence, the RE structure
as a whole has to change qualitatively. This change involves two bifurcations.

The first bifurcation happens at A = 5/16 (o« = 0). The B (4) relative equilibrium, which
was unstable with Morse index 1 (Poincaré index +2) for A < 5/16, becomes stable with
index 0 (+4) for A > 5/16. At the moment of bifurcation the energies of the B® and A
RE are equal, then as X increases, the energy of B® becomes greater. At the same time,
the A® relative equilibrium, which was stable with Morse index 0 (4+4), becomes doubly
unstable with Morse index 2 (0). In order for the Morse conditions to be satisfied globally, a
new relative equilibrium bifurcates from A, This is the Cy A 75 symmetric RE described in
section 5.2.3. The new relative equilibrium is unstable with Morse index 2 (0). Part of the
described bifurcation can be regarded as a so-called “pitchfork bifurcation,” or a bifurcation
with broken symmetry Zs. Indeed, the system restricted to the Cs sphere (see section 5.2.3)
undergoes such bifurcation. Taken to the whole four-dimensional space, this phenomenon is
more complex because it involves the B® relative equilibrium.

The second bifurcation happens at A = 11/8 (a ~ 0.1). The moment of bifurcation is easy
to notice because the second normal form energies of the B®) and A® RE (i.e., values of the
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Figure 18. Quantum (grey lines) and classical RE (bold lines) correlation diagram for the Fa-mode system
described by the one-parameter family of Hamiltonians (11.1) with fized € = 1 and classical action n = 10%.
Quantum polyads are computed for Ny = 10. Morse index and Hamiltonian stability are indicated for each RE;
EE, EH, HH, and FF stand for elliptic—elliptic (stable), elliptic—hyperbolic (unstable), hyperbolic—hyperbolic
(doubly unstable), and focus—focus (complex unstable), respectively. Circles mark level clusters discussed in the
text. To compare to Figure 17, inverse the energy axis.

Hamiltonian (11.3") shown in Figures 18 and 17) become equal. The B®) relative equilibrium
undergoes a Hamiltonian Hopf bifurcation [97, 98], and from a focus—focus (complex unstable)
relative equilibrium at A < 11/8 it becomes elliptic (linearly stable) at A > 11/8. The Morse
index does not change. Unlike the previous case, the Morse requirements remain satisfied
globally and there is no need for changing the number and/or stability of other RE.

Information on the RE of the system with Hamiltonian (11.1) can be used to characterize
the spectrum of the corresponding quantum system as proposed in section 5.4.3. We consider
the RE energies as functions of the action n and compare them to the quantum energy levels
(see Figure 19). Levels with the same quantum number Ny form a polyad whose structure can
be related to the reciprocal RE energies for corresponding classical action n = Ny + % Like
RE, polyads are described using the normalized Hamiltonian H_}, where we can distinguish
between “scalar” and “splitting” terms. The former depend only on n and describe an average
increase in energy; the latter describe the internal structure of polyads. In the simplest
approximation given by the second order normal form (11.3’), or the Hecht Hamiltonian, the
internal structure of polyads is described by one-parameter «; see Figure 18.

Provided that the model potential of the P4 molecule [13] is qualitatively correct, the v
polyads of P4 should correspond to the value of o ~ 0.6 near the so-called s? limit. The
most characteristic feature of the v3 polyads with such « is the presence of level clusters at
the A®) end (maximum in Figure 17 and minimum in Figures 18 and 19). The limiting AB)
cluster has four levels and in the case of Ny = 10 decomposes into symmetry components
A+ F (Figure 18). At higher Ny = 15 (Figure 19) we can even see the second cluster of eight
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Figure 19. Spectrum of quantum levels and energies of the RE of the Fa-mode system with Hamilto-
nian (11.1) with e = 1 and A = 0 (left), A = 1 (right). Circles mark Ny = 15 level clusters discussed in the
text, and classical RE energy is plotted for n = Ny + %

levels with components F' 4+ F + E. As can be seen in Figures 18 and 19, the A®) clusters
remain insensitive to large variations of the structure parameter o or A\. The situation is more
unclear at the opposite energy end of the v3 polyads. If, as predicted, o > %, then the B®
clusters of six levels should appear as shown in Figure 18 (top right) and 19 (topmost level
of the Ny = 10,...,15 polyads). They decompose as A + F + E for Ny = 10 and F + F for
Ny = 15. If, however, a for P4 turns out to be sufficiently smaller than %, then we should
expect A® clusters of three levels (such as the lowest energy levels of the Ny = 10 polyad
for « = 0.4 in Figure 17). Furthermore, if the B®) relative equilibrium becomes sufficiently
stable, a corresponding eight-fold cluster might also show up.

Several aspects should be taken into account in order to continue our analysis of the vg
polyad structure presented in this paper. A simple analysis based on energy separation fails as
different systems of localized states overlap, and complimentary information on expectation
values of characteristic dynamical invariants should be used. Degeneracy of quantum states
caused by symmetry can either enhance or obscure the presence of level clusters. The position
of the limiting localized state and the corresponding RE depends on the stability of the RE
and the relation between n and Ny.

11.2. Rotational structure of the F>-mode polyads. Consider an effective Hamiltonian
H.g commonly used to describe rotational structure of low excited Fh-mode vibrations. In
the spectroscopic notation of Table 25, this Hamiltonian can be written as

. . 200,41)4 .
(11.4a) Heﬂ‘:(Aanf+BJQ_Dj4—hf(]¢- l)gnff

L(L,Fy) pp1(1,F) 2(2,0) 772(2,1)
(11.4b) +h e S R

[=E,F,
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KFl)_\/%
8

(11.4c) + 30 R D, HA A1),

K=1,3

where wy is harmonic frequency of the F5 mode, B is the rotational constant of the molecule
(for a tetrahedral molecule A4 with four atoms of mass m whose equilibrium positions lie at
a distance R from the center of mass, the constant B equals 1/(2mR?)), and h tf» D, and Dy
are parameters of higher order terms in the reduced Hamiltonian. We can omit the terms
(11.4a), which have constant value in the reduced system. The energies of fixed RE can be
found straightforwardly as values of the Heg in (11.4) at the points listed in Table 27.

To find the two remaining RE, we restrict Heg in (11.4) to the Cs-invariant sphere using
the definition of this sphere in Table 28 and express the result as a function of dynamical
variables X of the Cy restricted system,

(11.5) HS: = b()) X1 — a(J) X3 + ¢(J, Ny),
where
_ 2(2,E) ; (2 )
22 10,m) 8v2 3 (LF) 33.7)| J°
b: hf 1 J—" 7hf ! hf ! %7

7

NyJ? + —=h

f \/g fr
Note that Hg; is linear in X and that it is invariant with regard to T; x 7 and to its
subgroup 73 and therefore cannot depend linearly on X,. Equations of motion (10.1) for this
Hamiltonian are very simple:

f

2(2,F2)

7
V2 92,m)

c—DtJ4+—h NyJ2.

X = (—aX2,bX3 + aX,, —bX>).

Setting Xo = 0 in these equations gives the condition for an equilibrium point of H ecff‘ on the
T>-invariant circle,

bX3+aX, =0,
which should be satisfied together with the defining equation of the circle
1
Xi+ X3 =-N;}.
1+ X3 1V
Since a(J) and b(J) depend differently on .J; the two solutions

Ny
——(b,0,—a
2v/b% + a? ( )
move along the circle when J changes: when J is small and b > a they are close to the point
where X3 = 0; at large J they approach X7 = 0. The energies of these RE are

(11.6) i%\/bu)? +a(J)? + o(J,Ny).

(X17X27X3) ==
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Table 35
Energy of rotation-vibration RE in the case of low excited F>-mode vibrations of a tetrahedral molecule Ay.
Point®° Energy of RE (values of Heg)
A® —thcf’E)NfJQ - %hm "IN J? 4+ Dy J*
A(3) ,ih%z Fz)NfJ2 + thJ4
4/2

(4) . 2(2,E) 2 4

A 5 by 'NyJ” — 4D J

B.C® jFLgh}(fl,Fl)N gL A3 f EEEEINE

44/2 2
n \[(h:;(fl,pl)+ \[hs(a Fl))NfJ3+8DtJ4

3 /15 3
B,C™ ihl(l Fl)N g+ 2V2 2\f 2(2,E)NfJ2
14‘3[( 3R _ —‘/1; h‘;’c(;”Fl))Nfﬁ — 4D, J"*

The simplest way to compare the energies of RE in Table 35 and (11.6) to molecular energy
levels is to plot all of them in a form of an energy-momentum diagram for fixed vibrational
integral N;. In the lowest excited vibrational quantum state of the 3 mode, also called the
fundamental or harmonic state, the quantum number N t, equals 1 which corresponds to the
classical value Ny =1+ %

We illustrate our results using the Hamiltonian Heg (without the scalar part (11.4a)),
which describes the v3 vibration of the CHy4 molecule. Parameters of this Hamiltonian can be
taken from [92].

hl(l ) _0.706007 D, 4.49516 x 106
h2(2 B1st60 x 1072 BFP —0.7220 x 1072
h3(1 ) 0,635 x 1074 h?;(]f'F V0187 x 1074

The quantum energy level spectrum of the 3 = 1 state is shown schematically by the shaded
area. This spectrum exhibits three characteristic branches formed due to the first order
Coriolis interaction [81]. As shown in section 7.2.5 and Table 25, the term describing this
interaction in the reduced system is the scalar product (¢, ), which has spherical symmetry,
i.e., to the first order; the energy depends on the angle between the 3-vectors t and j. Assuming
Hy, o (t,j), as in the case of CHy, the energy is maximal, minimal, or zero when ¢ and
j are parallel (RE of type B), antiparallel (RE of type C'), or orthogonal (RE of type A),
respectively. Since the quantity (¢, 7) is (approximately) conserved, we can introduce another
angular momentum 7 = j — ¢ and represent the first order energy as function of r2, t2, and j2
called “rotational,” “vibrational,” and total angular momenta, respectively. In the quantum

50Fixed points of the Ty x 7 group action on CP? x CP! x S? defined in Table 27; signs 4+ and — in the
notation + (equivalently, — and + in F) correspond to points B and C, respectively.
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Figure 20. Energies of rotation—vibration RE for the vs mode of the CHs molecule. Colored lines show
classical energies (see Table 35 and equation (11.6)) with Ny set to 2; indices (2,3,4) on the right give the
symmetry of the corresponding RE. Thin black lines show the same energies with Ny = 1; shaded area represents
quantum multiplets.

state with N ¢ = 1, the quantum number t equals 1 and the quantum number 7 takes the
values of 7—1, 7, and j+ 1. These values label the three Coriolis branches of the v3 = 1 state.

Bold lines in Figure 20 represent energies of the nine RE (two noncritical orbits are given
in (11.6) and seven critical orbits in Table 35) with Ny set to its classical value 1+ 3. The same
energies—but with Ny = 1-—are shown by thin lines, which border exactly the three rotational
branches of quantum levels. This suggests a straightforward semiclassical interpretation. The
RE energy with Ny = g gives classical limit (classical extremum) energy for rotation—vibration
levels; with Ny = 1 we approximate vibrational quantum energy of the state localized near
the corresponding RE and obtain classical limit energy for the rotational structure only. In
the case of the Hamiltonian (11.4) whose vibrational part is quadratic, this approximation
matches exactly the extrema of the so-called “rotational energy surfaces” [32, 36, 35|, which
are obtained when all rotational operators in H.g are replaced by their quantum analogues.
Further examples can be found in [58, 13, 12].

12. Discussion of the results. This paper, together with [13], reports on the first sub-
stantial attempt to extend the analysis of molecular energy levels based on RE (also known as
nonlinear normal modes and, in some cases, local modes, principal periodic orbits, stationary
axes of rotation, etc.) from simple, often model systems to complex rotation—vibration Hamil-
tonians of real molecules. Our predecessors (see section 1) studied classical vibrational systems
with two or three degrees of freedom [14, 15, 16, 77, 70], notably a great number of triatomic
molecules [19, 22, 23, 24, 25, 26, 27, 99, 100, 101, 102, 103, 104, 105, 106], and rotational sys-
tems [31, 32, 33, 34, 37, 38, 55, 28, 29, 12]. Generalization of these studies to combined systems
led to “hybrid” quantum classical systems [36, 35, 41, 42, 43, 56, 107, 108, 109]. We take the
next step by studying the whole of the combined system classically and using the results for
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the interpretation and prediction of the corresponding quantum system. We consider the ex-
ample of the rotating tetahedral molecule A4 with six internal vibrational degrees of freedom,
a system which is, arguably, at the limit of molecular systems whose rotation—vibration energy
levels have already been studied in detail.

Our principal molecular result is the relation of rotation—vibration RE and the structure
of the rotation—vibration energy level spectrum. Thus, we show how extremal quantum states
in the rotation—vibration multiplet are associated with particular periodic rotation—vibration
motion of the molecule. We took advantage of the simplicity of the classical RE description in
order to analyze the structure of highly excited energy levels in different limits. In particular,
we compared the structure of rotationally excited polyads to that in the case of high purely
vibrational excitation. We found that when the interaction of the rotational and vibrational
subsystems is significant, RE become qualitatively different from what can be expected for
(or deduced from) the separable system. We predicted qualitative modifications of the system
of RE and then followed it with a concrete example. This is our main mathematical result.

We also took advantage of the rich topological structure and high symmetry of our exam-
ple system in order to predict and explain many important basic qualitative features of this
complex system. Subsequently, we confirmed our predictions quantitatively. In particular we
analyzed existence and stability of rotation—vibration RE. We extend this study to different
parametric limits of molecular potential and corresponding limiting cases of the normalized
system (polyads). Our more specialized mathematical results concern group-theoretical as-
pects of combining two subsystems, in particular the analysis of the group action on the
combined phase space on the basis of the action on individual subspaces. The last, but not
least, is the dynamically invariant formulation of the theory in section 9, which is the weapon
of choice for further analysis of the hidden regular structures of seemingly irregular highly
excited molecular states.
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