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ABSTRACT
Using a set of Lambda cold dark matter simulations of cosmic structure formation, we study the evolving connectivity and
changing topological structure of the cosmic web using state-of-the-art tools of multiscale topological data analysis (TDA). We
follow the development of the cosmic web topology in terms of the evolution of Betti number curves and feature persistence
diagrams of the three (topological) classes of structural features: matter concentrations, filaments and tunnels, and voids. The
Betti curves specify the prominence of features as a function of density level, and their evolution with cosmic epoch reflects the
changing network connections between these structural features. The persistence diagrams quantify the longevity and stability of
topological features. In this study, we establish, for the first time, the link between persistence diagrams, the features they show,
and the gravitationally driven cosmic structure formation process. By following the diagrams’ development over cosmic time, the
link between the multiscale topology of the cosmic web and the hierarchical buildup of cosmic structure is established. The sharp
apexes in the diagrams are intimately related to key transitions in the structure formation process. The apex in the matter concen-
tration diagrams coincides with the density level at which, typically, they detach from the Hubble expansion and begin to collapse.
At that level many individual islands merge to form the network of the cosmic web and a large number of filaments and tunnels
emerge to establish its connecting bridges. The location trends of the apex possess a self-similar character that can be related to
the cosmic web’s hierarchical buildup. We find that persistence diagrams provide a significantly higher and more profound level
of information on the structure formation process than more global summary statistics like Euler characteristic or Betti numbers.

Key words: methods: data analysis – large-scale structure of Universe.

1 IN T RO D U C T I O N

In this study, we analyse the topological structure and connectivity
of the cosmic web (Bond, Kofman & Pogosyan 1996; van de
Weygaert & Bond 2008) in terms of the multiscale topological
formalism of persistence and Betti numbers. These state-of-the-
art tools of topological data analysis (TDA) represent measures
of structural aspects of the cosmic web (Sousbie 2011; van de
Weygaert et al. 2011; Nevenzeel 2013; Shivashankar et al. 2016;
Pranav et al. 2017; Xu et al. 2019; Biagetti, Cole & Shiu 2021).
With a solid mathematical foundation in the context of algebraic and
computational topology (Edelsbrunner & Harer 2010), they offer an
intricate quantitative description of how the structural components
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of the cosmic web are assembled and organized within its complex
network. The principal intentions of this study are (1) to assess
and quantify the connectivity of the cosmic web in terms of the
levels at which its various structural components get joined into the
overall web-like network, (2) establish the relationship between the
characteristics of the Betti number curves and persistence diagrams
and the gravitationally driven cosmic structure formation process,
(3) to explore the sensitivity of the structure and topology of the
cosmic web to the underlying cosmology, and (4) to assess the extent
to which the topological measures are able to extract cosmological
information. This concerns aspects such as the nature of dark matter,
dark energy, possible deviations from standard gravity, and/or non-
Gaussian initial conditions.

The use of persistence diagrams as a tool of topological analysis
will prove valuable, as it enables us to measure non-linear features
in the large-scale structure. In line with using it to differentiate
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between cosmologies, we aim to turn this manner of analysing
persistence into a new probe for fundamental cosmology and physics
in general. Ultimately, we will apply this probe also to observational
data, with the aim of differentiating between models and providing
constraints on the nature of dark matter, dark energy and other global
cosmologically relevant factors.

1.1 Cosmic web: connectivity

The matter and galaxy distribution on scales of a few up to a hundred
Megaparsec defines an intricate multiscale network, characterized
by a complex connectivity, that is known as the cosmic web (Bond
et al. 1996). Dark matter, intergalactic gas and galaxies have arranged
themselves in a salient, wispy pattern dominated by elongated fila-
ments that intersect at compact cluster nodes and that are embedded
in tenuous sheet-like walls that form the boundary of large near-
empty void regions (van de Weygaert & Bond 2008). Maps of the
nearby cosmos produced by large galaxy redshift surveys such as
the 2dFGRS, the SDSS, and the 2MASS redshift surveys (Colless
et al. 2003; Tegmark et al. 2004; Huchra et al. 2012), as well
as by recently produced maps of the galaxy distribution at larger
cosmic depths such as VIPERS (Guzzo & VIPERS Team 2013)
and GAMA (Driver et al. 2009), have revealed the existence of
this structure. Filaments are the most visually outstanding features
of the Megaparsec Universe, in which around 50 per cent of the
mass and galaxies in the Universe reside. On the other hand, almost
80 per cent of the cosmic volume belongs to the interior of voids (see
e.g. Cautun et al. 2014; Ganeshaiah Veena et al. 2018). Together, they
define a complex spatial pattern of intricately connected structures,
displaying a rich geometry with multiple morphologies and shapes.
This complexity is considerably enhanced by its intrinsic multiscale
nature, including objects over a considerable range of spatial scales
and densities. For a recent up-to-date report on a wide range of
relevant aspects of the cosmic web, we refer to the volume by van de
Weygaert et al. (2016).

The organization of this network in an ordered web – in which
voids are surrounded by walls and filaments, connecting at high-
density compact clusters at the nodes evidently – is a characteristic
that is in need of a systematic and quantifiable characterization.
Filaments appear at the edges of the walls in the mass distribution.
The way in which the various features connect into the web-like
pattern pervading space includes local as well as global aspects.
Locally, it concerns questions like the dependence of the number
of connecting filaments on the properties of a (cluster) node, or the
connection between walls and surrounding or embedding filaments.
Globally, it pertains to issues of percolation, i.e. how fast and at what
level the various structural elements are connecting up in a network
that permeates an entire volume.

The study by Aragón-Calvo, van de Weygaert & Jones (2010a)
was amongst the first to address this question systematically, and
established that the number of connecting filaments is linearly
increasing with the mass of the node and is typically of the order of
3–5 filaments per node. Recent work by Codis, Pogosyan & Pichon
(2018) on the basis of a topological analysis has confirmed this trend.

The more global aspect of connectedness concerns the overall per-
colation properties of the web-like network, focusing on how the var-
ious structural features connect up into the final permeating network.
Early studies within the context of percolation theory by Zeldovich
and coworkers (Zeldovich, Einasto & Shandarin 1982; Shandarin
1983; Klypin & Shandarin 1993; Colombi, Pogosyan & Souradeep
2000), and others (Dekel & West 1985; Sahni, Sathyaprakash &
Shandarin 1997), explored the spatial connectedness of galaxies as a

function of linking length, assessing the length at which all galaxies
would link up and comparing this with the expectation for different
cosmologies. For the connectedness of the structural components
of the cosmic web – nodes, filaments, walls, and voids – a similar
approach may be pursued by using the criterion or physical quantity
according to which they are identified.

In this study, we restrict ourselves to using the density field for
identification of structures affiliated to the cosmic web. The levels
over which filaments and walls exist in the density field establish the
connection of the different components. By following the changing
pattern and population of components at different density levels, one
may study how the structural elements have connected into a volume
pervading network. Rather than using density, a more sophisticated
analysis would use a physical influence that is more relevant for
distinguishing cosmic web identities. An example of this is the
tidal force field or the closely related deformation field. The recent
analytical formulation of the caustic skeleton of the cosmic web
on the basis of the eigenvalues and eigenvectors of the deformation
field (Feldbrugge et al. 2019) will therefore yield a more detailed
and profound quantitative characterization of the global cosmic web
connectedness.

Following this procedure defines a sophisticated multiscale anal-
ysis of the connectivity of the cosmic web. The mathematical
formalism for this we find in topology, more specifically within
homology theory.

1.2 Topology: Betti numbers and persistence

Topology is the branch of mathematics that addresses the connectiv-
ity of this multitude of features, as well as their occurrence in various
dimensions and shapes. The study of the topology of the cosmic mass
distribution started out with the evaluation of the Euler characteristic
and the genus of its iso-density surfaces. Gott and collaborators (Gott,
Melott & Dickinson 1986; Hamilton, Gott & Weinberg 1986) studied
the genus as function of density threshold. Later, further and more
discriminative information on the topology became available with
the introduction of Minkowski functionals (Mecke, Buchert &
Wagner 1994; Schmalzing & Gorski 1998). However, most of these
studies had a largely heuristic character and represented a global
statistical assessment of the cosmic mass distribution. The first study
focusing on the connectivity of distinct morphological elements in the
mass distribution is the SURFGEN formalism developed by Sahni,
Sathyaprakash & Shandarin (1998). It uses Minkowski functionals
to define shapefinders, allowing the identification of morphological
features of different geometric shapes, and carry out a systematic
assessment of their embedding within the overall cosmic mass
distribution (Sheth et al. 2003; Shandarin, Sheth & Sahni 2004;
Sheth & Sahni 2005).

Van de Weygaert and collaborators (van de Weygaert et al. 2010,
2011) introduced the concept of homology, Betti numbers (Poincaré
1892) and persistence (Edelsbrunner, Letscher & Zomorodian 2002;
Edelsbrunner & Harer 2010), in a cosmological context. These
are homology measures, concepts of algebraic and computational
topology, describing in a quantitative manner how features in a
manifold are connected through their boundaries (Munkres 1984).
These early studies assessed Betti number systematics in a range
of web-like spatial mass and galaxy distributions, for which they
provide a summary of information on the topology of the cosmic
mass distribution. This was followed up by recent studies that invoked
homology in a cosmological context along more systematic and
formalized lines (Sousbie 2011; van de Weygaert et al. 2011; Park
et al. 2013; Pranav et al. 2017, 2019a; Feldbrugge et al. 2019).
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Betti numbers are topological invariants that formalize the topolog-
ical information content of the cosmic mass distribution in terms of
the population of topological features (Edelsbrunner & Mücke 1994;
Zomorodian & Carlsson 2005; Robins 2006; Edelsbrunner & Harer
2010; Wasserman 2018). The zeroth Betti number counts the number
of connected components, the first Betti number is the number of
independent loops, while the second Betti number is the number
of independent shells enclosing troughs. Within the context of the
spatial pattern of the cosmic web, tunnels are intimately related
to loops of filamentary bridges of the cosmic web connecting the
overdense clusters. It is important to appreciate that the homological
measures are fundamentally non-local. While homology and the Betti
numbers do not fully quantify the topology of a manifold, they
extend the information beyond conventional cosmological studies
of topology in terms of genus and Euler characteristics.

The profound significance of Betti numbers is underlined by their
intimate relationship to the singularity structure of the cosmic density
field (Morse 1925; Milnor 1963). According to Morse theory the
topology of a field is coupled to the presence, location and nature of
the singularities. It reflects the notion that the topology of a manifold
changes once a singularity is added, or removed, upon variation of
the level set. As a result, the existence of and connectivity between
topological features is completely determined by the location and
nature of the critical points in a density field. The importance and
prominence of topological features is characterized through their
persistence (Edelsbrunner et al. 2002; Edelsbrunner & Harer 2010).

Persistence facilitates the assessment of the multiscale nature of
the topology of the Megaparsec cosmic mass distribution. Of key
significance is the ability to assess its structural nested hierarchy,
i.e. the possibility to study how the structural elements of the
web-like network connect up upon variation of the level set. The
corresponding change in topology represents a highly informative
and versatile description of the connectivity of the cosmic web
network (Edelsbrunner et al. 2002; Edelsbrunner & Harer 2010).
Persistence relates the creation or birth of topological features
(e.g. holes) that constitute the mass distribution with that of their
annihilation or death upon variation of the level set.

1.3 This study: persistent topology of the cosmic web

In recent years, we have seen a large increase in the popularity
of persistent topology and TDA in general (for a recent reviews,
see Wasserman 2018). Persistent topology finds application in a
diverse range of fields, ranging from brain research (Petri et al.
2014; Reimann et al. 2017) and materials science (Hiraoka et al.
2016) to cosmology and astrophysics. Sousbie (2011), Sousbie,
Pichon & Kawahara (2011), Shivashankar et al. (2016), and Pranav
et al. (2017) invoke persistence to identify and characterize the
structure and connectivity of the spine of the cosmic web (Bond
et al. 1996; van de Weygaert & Bond 2008; Aragón-Calvo et al.
2010a; Cautun et al. 2014; Libeskind et al. 2018). Persistence-based
identification of features of the cosmic web is also the aim of Xu et al.
(2019), with a focus on identifying filaments and voids in heuristic
models of the matter distribution (also see Shivashankar et al. 2016),
while Kimura & Imai (2017) determined persistence diagrams for
(small) volume-limited samples of the DR12 release of the SDSS
galaxy redshift survey. Kono et al. (2020) applied TDA towards
studying baryonic acoustic oscillations in the galaxy distribution,
while Biagetti et al. (2021) studied persistence properties of the
large-scale matter distribution in cosmologies with non-Gaussian
primordial conditions (also see Feldbrugge et al. 2019). The explicit
application of homology measures in the study of the primordial

temperature perturbations in the cosmic microwave background are
reported in Pranav et al. (2019b) and Adler, Agami & Pranav (2017).

A fundamental aspect of the connectivity of the cosmic web
concerns the number of filaments connecting to nodes. Aragón-
Calvo et al. (2010b) addressed this on the basis of the MMF
formalism (Aragón-Calvo et al. 2007). In a more thorough and
profound analysis, the persistence-based study by Codis et al. (2018)
confirmed the dependence of the node-filament connectivity on the
mass of the cluster nodes. The use of persistence and Betti numbers is
also a natural way of tracing the evolving topology of the reionization
bubble network (Elbers & van de Weygaert 2019). In an astrophysical
context, they were also applied as descriptors of the topological
structure of interstellar magnetic fields (Makarenko et al. 2018).

Following the work laid out in van de Weygaert et al.
(2011), Nevenzeel (2013), Pranav et al. (2017, 2019a, b), and Feld-
brugge et al. (2019) in this study, we extend the topological analysis
of the cosmic web to the analysis of the redshift evolution of structure
on simulations within the Lambda cold dark matter (�CDM) cos-
mology. In Section 2, we first describe the simulation of structure
formation in �CDM cosmology that we used in this study, as well
as the tools, methods and implementation of persistent topology.
The Betti numbers and persistence of the dark matter distribution at
redshift z = 0 is discussed in Section 3, with the purpose of identify-
ing the topological characteristics of the web-like mass distribution.
The systematic development of these characteristics in the evolving
mass distribution in �CDM cosmologies follows in Section 4. We
conclude with the summary and conclusions in Section 5.

2 SI MULATI ONS, TOOLS, AND METHODS

Our analysis concentrates on the dark matter distribution in a
�CDM cosmology. The gas, halo, and galaxy distribution in this
cosmology possess similar topological characteristics, although the
details display significant and systematic differences. We will address
the topological characteristic of, for example, the dark matter halo
distribution in accompanying studies (see e.g. Bermejo, Wilding, van
de Weygaert & Jones, in preparation).

2.1 Simulation and density field

We analyse the simulated evolving dark matter distribution in a set of
�CDM simulations of cosmic structure formation. The simulations
were performed with Gadget 3 (Dolag et al. 2004; Springel 2005). We
use five runs, each with 2563 particles of mass 0.443 × 1010h−1 M�
in a box of 300 h−1 Mpc, using periodic boundary conditions. The
cosmological parameters are based on the WMAP3 data (see Bos
et al. 2012, for a detailed discussion of the simulations).

The dark matter particle distribution produced by the Gadget
simulations is transformed into a density field by means of the
Delaunay Tessellation Field Estimator (DTFE; Schaap & van de
Weygaert 2000; van de Weygaert & Schaap 2009; Cautun & van de
Weygaert 2011). To this end, the Delaunay tessellation (Delone 1934;
Okabe et al. 2000) of the N-body particle distribution is determined,
and the densities at each vertex of the tessellation computed from
the inverse of the volume of the star of the vertex, the union of
all Delaunay tetrahedra incident to the vertex. The densities at the
vertices (which correspond to the particles in the simulation) are then
linearly interpolated to a regular grid. This improves the sampling of
underdense regions, at the expense of losing some resolution in the
density peaks. By using the density and shape adaptive properties of
the Delaunay tessellation (see van de Weygaert & Schaap 2009), DTFE

optimally retains the multiscale, geometric and topological nature of
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Figure 1. Cosmic web evolution in �CDM cosmology. We show the evolution at four redshifts, starting at z = 3.8 at the left and proceeding clockwise. The
slices show a 150 by 150 h−1 Mpc as a projection from a 24 h−1 Mpc thick region around a height of 117 h−1 Mpc.

the underlying mass distribution that the N-body particle distribution
is supposed to sample. The density values are specified in terms of
the density contrast δ(x, t)

δ(x, t) = ρ(x, t) − ρu(t)

ρu(t)
, (1)

with ρ the densities from the DTFE, and ρu(t) the global density value
at the appropriate cosmic epoch. As δ ranges from −1 to ∞, in our
plots we usually use δ + 1, in order to enable logarithmic scale plots
(by avoiding negative values).

For the topological analysis, we use eight different snapshots of
the simulation. These correspond to the redshifts z = 3.8, 2.98, 2.05,
1.00, 0.51, 0.25, 0.1, and 0.00. To get an impression of the resulting
spatial pattern in the matter distribution, Fig. 1 shows the particle
distribution in a 300 × 300 × 24 h−1 Mpc slice around a height of
117 h−1 Mpc. The evolution of the web-like structure is followed
through four snapshots, from z = 3.8 down to the current epoch at
z = 0. The four panels show how the relatively low contrast mass
distribution at high redshift evolves in the prominent and complex
web-like pattern that pervades the entire box and attains scales in the
order of dozens of Megaparsec.

2.2 Cosmic web evolution and topology

2.2.1 Density field dynamics

At all snapshots we see the web-like pattern characteristic of the
quasi-linear mass distribution that evolves from the initial linear
gravitational growth to more advanced non-linear stages (Bond et al.
1996; van de Weygaert & Bond 2008; Aragón-Calvo et al. 2010a;
Cautun et al. 2014). The set of panels reveal how gravitational
contraction and collapse manifests itself into increasing density
contrasts and gradual contraction of overdensities into more compact
clump-like, filamentary and wall-like features, and ever emptier
void regions.

The hierarchical buildup of structure in the �CDM scenarios
involves the emergence of ever larger complexes or islands, the
hierarchical development of large near-empty void regions that
emanate from the merging of smaller scale troughs (see Sheth &
van de Weygaert 2004; Aragon-Calvo & Szalay 2013) and the
establishment of major filamentary arteries as the transport channels
along which mass flows through the universe, connecting all mass
concentrations throughout it. We first see the emergence of web-like
structures at small scales, which through gravitational interactions
subsequently grow and merge into larger structures. While this

happens, the evolution of structure also establishes new or more
pronounced connections. Towards the current cosmic epoch at z =
0, it yields the characteristic web-like pattern dominated by filaments
and voids on scales of tens to even hundreds of Megaparsec.

The left-most panel in Fig. 1 shows the mild density contrast at a
redshift z = 3.8. By z = 2.05, we see that the mass distribution has
evolved into one marked by a substantially higher density contrast.
The mild density enhancements at z = 3.8 have contracted into steep
density ridges and complexes, within which we observe compact
clumps of high-density and moderately dense elongated filaments.
These island complexes appear to be connected by lower contrast
filamentary and wall-like bridges. We see that the regions of lower
density have grown in size and contrast, into large near-empty
troughs. It is the result of the continuation of gravitational contraction
and collapse, manifesting itself into increasing density contrasts and
gradual contraction of overdensities into more compact clump-like,
filamentary, and wall-like features, and ever emptier void regions.

2.2.2 The topological point of view

For a visual appreciation of the effects of these dynamical and
hierarchical processes on the changing topology of the cosmic
mass distribution, Fig. 2 follows the cosmic web patterns at three
different structural levels. The figure shows these patterns in terms
of the density superlevel sets at three density thresholds, and follows
their evolution at three redshifts, z = 3.8, z = 1.0, and z = 0.
The three threshold levels have been carefully chosen such that
the superlevel sets are typically representing the presence for three
structural components of the cosmic web (see Section 4.3 for their
definition). An immediate visual impression of the evolving structure
from redshift z = 3.8 to 0 is the increasing sharpness of the
morphological features in the mass distribution. It is most outstanding
in the development of the intricate filamentary network (middle row)
and the pronounced topology marked by void cavities (bottom row).

The top row shows the structures at the highest threshold, at which
level we observe the presence of high-density peaks and islands –
their immediate surroundings – which congregate near the nodes of
the cosmic web. Following their evolution, from top left to top right,
we observe two processes. Existing peaks and islands merge into
higher density compact clumps. Also, we see the emergence of new
peaks and islands that have gravitationally grown over the threshold
level. The latter occurs abundantly from z = 1.0 to z = 0, to such
an extent that at z = 0 we start to see that the clumps delineate large
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Figure 2. Density superlevel sets of the �CDM mass distribution. Evolution of structure for three redshifts (z = 3.8, 1, and 0, from left to right), in a 24 h−1 Mpc
slice around a height of 117 h−1 Mpc. The structure is depicted as superlevel sets with three different thresholds to outline the disjoint nodes of the cosmic web
(top row), its filamentary structure (middle row), and the walls enclosing the cosmic voids (for the calculation of the thresholds see Section 4.3). The evolution
of structure and the emergence of the increasingly geometric and organized web is particularly visible in the middle row, where noisy, short, and disjoint (but
already elongated) clumps connect up to form a network of long and more massive filaments that (in three dimensions) fills the whole volume.

elongated features, the superclusters that trace the most prominent
filaments and walls of the cosmic web.

At the intermediate level, the superlevel pattern is shown in the
central row of Fig. 2. At this level, filaments and walls – and
the tunnels that go along with them – manifest themselves as the
dominant structure visible. Going from z = 3.8 to z = 0, we also
note that these features are generally smaller at the earlier epochs,

and that we see them connect up into ever larger and more massive
features and agglomerates. It demonstrates the hierarchical buildup
of the filamentary and wall-like backbone of the cosmic web (see
Cautun et al. 2014). It is also interesting that the features at z = 0 are
more sharply outlined than their peers at z = 3.8, which are shorter
and stubby, as a result of their gravitational contraction into more
pronounced and compact configurations.
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