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A B S T R A C T 

We trace the connectivity of the cosmic web as defined by haloes in the Planck-Millennium simulation using a persistence and 

Betti curve analysis. We normalize clustering up to the second-order correlation function and use our systematic topological 
analysis to correlate local information and properties of haloes with their multiscale geometrical environment of the cosmic web 

(elongated filamentary bridges and sheetlik e w alls). We capture the multiscale topology traced by the halo distribution through 

filtrations of the corresponding Delaunay tessellation. The resulting nested alpha shapes are sensitive to the local density, 
perfectly outline the local geometry, and contain the complete information on the multiscale topology. We find a remarkable 
linear relationship between halo masses and topology: haloes of different mass trace environments with different topological 
signature. This is a topological bias , an environmental structure bias independent of the halo clustering bias associated with 

the two-point correlation function. This mass-dependent linear scaling relation allows us to take clustering into account and 

determine the o v erall connectivity from a limited sample of galaxies. The presence of topological bias has major implications 
for the study of voids and filaments in the observed distribution of galaxies. The (infra)structure and shape of these key cosmic 
web components will strongly depend on the underlying galaxy sample. Their use as cosmological probes, with their properties 
influenced by cosmological parameters, will have to account for the subtleties of topological bias. This is of particular rele v ance 
with the large upcoming galaxy surv e ys such as DESI, Euclid, and the Vera Rubin telescope surv e ys. 

Key words: methods: data analysis – large-scale structure of Universe. 
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 I N T RO D U C T I O N  

onsidering the Universe at a Megaparsec scale, the distribution of 
atter becomes anisotropic and inhomogeneous, and a highly geo- 
etric and connected structure emerges. This structure is known as 

he cosmic web (Bond, Kofman & Pogosyan 1996 ; Van de Weygaert
 Bond 2008 ; Cautun et al. 2014 ). The cosmic web is, first and fore-
ost, defined through its dark matter distribution. This distribution 

f densities is easy to obtain if one works on simulations, and allows a
traightforward analysis of many of its features, as well as, for exam-
le, an identification of its constituent components. Observationally, 
he cosmic web is studied mostly through the spatial distribution 
f galaxies. It is, ho we ver, not clear in how far the structure traced
y these galaxies is representative for the complete structure of the 
osmic web. 

We address this issue here: in this study, we focus on the cosmic
eb as traced by dark matter haloes, where we come upon the same
roblem – it is unclear how exactly the spatial pattern of dark haloes
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elates to the underlying matter distribution. As the spatial pattern of
he cosmic web is determined by its constituents, which in turn are
efined on the basis of their shape and mutual spatial connections,
his naturally leads us to the field of topology. To shed light on the
ultiscale nature of the topology of the cosmic web traced by the

opulation of dark haloes, we invoke persistent homology to decode 
he intricate features, patterns, and connectivity of the cosmic web. 

Irrespective of the defining components, four notable qualities 
haracterize the cosmic web. These are its anisotropy, the asymmetry 
etween o v erdense and underdense re gions, the connectivity between 
ifferent morphological features, and its multiscale nature. The 
nisotropy of this web-like structure expresses itself through a rich 
orphology dominated by elongated filaments and tenuous walls. 
he asymmetry concerns the contrast between the o v erdense re gions
clusters, filaments and a fair fraction of walls – and underdense 

egions. Together with cosmic walls and filaments, we see structure 
nd morphological features o v er a wide range of scales, a direct
anifestation of the bottom-up hierarchical build-up of the cosmic 
eb and its structural components. Detailed theoretical discussions 
n the hierarchical evolution of the cosmic web have elucidated the
ntricate multiscale nature of the processes involved (see e.g. Bond 
 Myers 1996 ; Hanami 2001 ; Sheth & Tormen 2002 ; Sheth & van
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Table 1. Halo subpopulations in the P-Millennium simulation. For each halo 
class, we include the logarithmic mass range and the approximate number of 
haloes for each population. 

Halo population log 10 ( M ) [ h −1 M �] N (number of haloes) 

HA (10.5,11] � 7.05 × 10 6 

HB (11,11.5] � 2.67 × 10 6 

HC (11.5-12] � 9.69 × 10 5 

HD (12,12.5] � 3.47 × 10 5 

HE (12.5,13] � 1.21 × 10 5 

HF (13,13.5] � 4.05 × 10 4 
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e Weygaert 2004 ; Shen et al. 2006 ; Van de Weygaert & Bond 2008 ;
adiou et al. 2020 ). 

.1 The connectivity and topology of the cosmic web 

f particular importance in the context of the topology of the cosmic
atter distribution is the web-like network into which these morpho-

ogical elements are organized. The resulting distinct connectivity
nds its expression in clusters of galaxies at the junction of filaments,
laments at the intersection and boundaries of walls, and filaments
nd walls defining the boundaries of the large near-empty voids
Shandarin & Zeldovich 1989 ; Bond, Kofman & Pogosyan 1996 ;
an de Weygaert & Bond 2008 ; Arag ́on-Calvo, van de Weygaert &
ones 2010a ; Arag ́on-Calvo et al. 2010b ; Sousbie 2011 ; Sousbie,
ichon & Kawahara 2011 ; Cautun et al. 2014 ; Libeskind et al.
018 ; Codis, Pogosyan & Pichon 2018a ). In recent studies, the
onnectivity of the cosmic web in terms of the number of filaments
hat connect to a node has received considerable interest. This aspect
f connectivity was first investigated by Arag ́on-Calvo et al. ( 2010b )
n the basis of the MMF formalism (Arag ́on-Calvo et al. 2007a ). The
esulting dependence on the mass of the cluster nodes has recently
een confirmed in a more profound and thorough analysis (Codis,
ogosyan & Pichon 2018a ). 
The connectivity is a key factor in the topological analysis of

his study. To describe and characterize the multiscale connectivity
f the cosmic web we turn to the mathematical characterization
f connectivity: topology and persistent homology (Munkres 1984 ;
delsbrunner & Harer 2010 ). In the study preceding this one, Wilding
t al. ( 2021 ), we established the intimate link between the geometric
tructure of the cosmic web and its morphological elements and
he topological signatures of the cosmic mass distribution. The
urprising finding was that not only the structure of the cosmic
eb finds its expression in the topological parameters – Betti
umbers and persistence diagrams – of the mass distribution but
hat even the key topological transitions such as the establishment of
 connecting filamentary network are closely related to the dynamics
f structure formation. Most telling is that the filaments start to
efine a percolating network at the density level corresponding to
he gravitational binding of mass concentrations. On the basis of
his intimate relationship between structure and topology, in the
emainder of this study we take this as an established and known fact.

This study addresses the connectivity of the cosmic web as
ampled by dark haloes. More specifically, we use Betti numbers
Poincar ́e 1892 ) and persistence diagrams to study the connectivity
f the spatial distribution of dark haloes. In this study, we do so by
ssessing the spatial distribution of dark matter haloes in a state-of-
he-art dark matter simulation marked by a large cosmic volume
nd vast dynamic range. The Planck Millennium [P-Millennium
ereafter, see Ganeshaiah Veena et al. ( 2018 ) and Baugh et al. ( 2019 )]
ontains 7.7 × 10 7 of these haloes. 

Here we focus on the topology, and in particular connectivity, of
he cosmic mass distribution as traced by the discrete population of
aloes. The dark matter haloes, and implicitly the galaxies that reside
n their interior, populate the components of the cosmic web. It means
hat the spatial pattern outlined by dark matter haloes constitutes a
iluted and possibly biased reflection of the underlying web-like dark
atter distribution. We investigate the dependence of the web-like

istribution of dark haloes as a function of their intrinsic properties,
n particular that of their mass. This involves an analysis of the
atterns and topological features and characteristics – Betti numbers
nd persistence – of the web-like structure delineated by dark matter
aloes. We assess these properties for the spatial distribution of haloes
NRAS 529, 4325–4353 (2024) 
n six mass ranges. The aim is to decode the topological embedding
f the haloes, i.e. the relation between the morphological components
f the cosmic web traced by haloes, their topological characteristics
nd connectivity, and the mass of the haloes. 

P-Millennium provides a very useful halo catalogue for the
opological analysis presented in this study because of its broad

ass range of haloes. Haloes vary in masses of log 10 ( M ) = [10.5,
3] h −1 M �, allowing to resolve any topological differences between
aloes more precisely. To complete such a task, we divided the halo
atalogue into six mass bins. Throughout the rest of the paper, these
ins are labelled as HA, HB, HC, HD, HE, and HF. Their associated
ass ranges and number of haloes are shown in Table 1 . 
As a basis to analyse the topology of these haloes, we use a

istance-based filtration. In this kind of filtration, haloes and clusters
f haloes form connections if closer than a specific distance. This way
f defining connections on a point-based distribution (the dark matter
aloes) is formalized through a Delaunay tessellation (Delaunay
934 ) and the resulting simplicial complex, which represents the halo
tructure as a collection of simplices. The simplices are naturally
daptive to the local density and geometry. Choosing a specific
ltration length yields a uniquely defined scale-dependent subset of

he full Delaunay complex, the so-called alpha shapes , introduced by
delsbrunner and collaborators (Edelsbrunner, Kirkpatrick & Seidel
983 ; Edelsbrunner & M ̈ucke 1994 ; Edelsbrunner & Harer 2010 ).
he alpha complex , the nested sequence of alpha shapes, perfectly

races the multiscale connections established by the halo distribution,
hile considering that the resulting connections occur on all scales.
he sequence forms a direct and unambiguous representation of the
ultiscale topological structure of the distance field. The derived

ersistence diagrams and Betti numbers characterize the underlying
omology of the alpha shapes of the halo distribution in this
imulation. Through the use of persistence computed from the alpha
hape filtration, we establish a natural description of the multiscale
ature of the halo distribution. 
The applications of persistent homology (Edelsbrunner & Harer

010 ), Betti numbers (Poincar ́e 1892 ), and topological data analysis
n general have seen a large increase in number and popularity
n recent years (for a re vie w see Wasserman 2018 ). We see the
opularity also in a diverse range of application fields, ranging from
rain research (Petri et al. 2014 ; Reimann et al. 2017 ) to materials
cience (Hiraoka et al. 2016 ), and in recent years also to cosmology
nd astrophysics. Over the past decade, an increasing number of
osmological studies have invoked persistent homology in an attempt
owards quantifying and classifying the complex web-like patterns
n the cosmic matter and galaxy distribution (Van de Weygaert et al.
010 ; Sousbie 2011 ; Sousbie, Pichon & Kawahara 2011 ; Van de
eygaert et al. 2011 ; Shi v ashankar et al. 2016 ; Kimura & Imai 2017 ;

ranav et al. 2017 ; Feldbrugge et al. 2019 ; Kono et al. 2020 ; Biagetti,
ole & Shiu 2021 ). Additional interesting applications concern the



Topological halo bias 4327 

i
(  

2  

fi

1
h

T  

f
i
fi  

b
g
l  

g
i  

t  

s

e
P
t
r
i
i
a  

a  

f
r
e  

c
i
c  

p  

o  

e
a
w  

e  

h
s  

a  

c
p
t
a
c  

a
(

t  

f
i  

w  

&  

1

e
t
g

H  

b
o  

2  

b  

2  

w  

h  

fi  

Z  

H  

C  

a
e  

h
2

 

o  

A  

s
b
a
a  

D  

M  

&  

i  

g  

W  

2  

b  

b  

h  

S

1

T  

a
a  

t
 

r  

h  

o
h
T
c
o  

t
c
(
a

m  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/529/4/4325/7613001 by guest on 06 April 2024
nvestigation of the evolving topology of the reionization network 
Elbers & van de Weygaert 2019 ; Giri & Mellema 2021 ; Th ́elie et al.
021 ) and the exploration of the structure and topology of magnetic
elds in the interstellar medium (Makarenko et al. 2018 ). 

.2 Environmental influences on the formation and evolution of 
aloes and galaxies 

he dependence of the properties of haloes of galaxies, and of their
ormation and evolution, on the large-scale environment is a vigorous 
ssue of study and discussion in the cosmological community. The 
rst direct indication for a major systematic influence is the disco v ery
y Dressler ( 1980 ) of the density-morphology relation. Early-type 
alaxies are predominantly found in high density regions, in particu- 
ar clusters of galaxies, while late-type galaxies form the majority of
alaxies in more moderate density environments. A particularly nice 
llustration of this in the context of the web-like galaxy distribution is
he se gre gation between ellipticals and spirals in the Pisces-Perseus
upercluster (Giovanelli, Haynes & Chincarini 1986 ). 

There are indications for a significant impact of the large-scale 
nvironment on a range of properties of galaxies and haloes. 
articularly outstanding is the relation between galaxy properties and 

hat of density of the environment, of which the morphology-density 
elation is the most well-known representative (Dressler 1980 ). The 
nfluence of the location in the various morphological environments 
n the cosmic web – clusters, filaments, walls and voids – on halo 
nd galaxy properties appears to be more subtle. Also, it remains an
s yet unsettled issue whether the local density is the sole dominant
actor, or whether the morphological nature of the environment also 
epresents a significant supplementary or modulating influence (Goh 
t al. 2019 ; Hellwing et al. 2021 ). Ho we v er, to some e xtent this
oncerns an ill-defined dichotomy: the density of the environment 
s augmented by the anisotropy of its gravitational contraction and 
ollapse (Icke 1973 ; Bertschinger & Jain 1994 ; Bond & Myers 1996 ).

Many studies indicate that the paramount factor determining the 
hysical nature of a galaxy and its dark matter halo is the mass
f the halo. The mass of haloes is itself intimately linked to their
nvironment in the cosmic web: the halo and galaxy mass functions 
re strongly determined by whether the haloes reside in filaments, 
alls, voids or cluster nodes (Cautun et al. 2014 ; Ganeshaiah Veena

t al. 2018 , 2019 ). While the number density of haloes in filaments,
arbouring 50 per cent of dark matter, haloes and galaxies, is 
omewhat higher than the average density, it is much lower in walls
nd voids. The mass function in walls and voids is also shifted
onsiderably to lower masses: walls, and even more so voids, are 
opulated by much smaller haloes and galaxies than those populating 
he filaments, while cluster nodes contain the most massive haloes 
nd galaxies. This is also reflected in the dependence of halo 
lustering as well as halo bias on halo mass (Yang et al. 2017 ),
nd/or their proximity to morphological features of the cosmic web 
Kraljic et al. 2018 ). 1 

Arguably, the most outstanding influence of the cosmic web on 
he formation and evolution of galaxies is that of rotation. The tidal
orce field induced by the evolving inhomogeneous mass distribution 
s responsible for the anisotropic collapse of filaments and walls, as
ell as for the torquing of contracting mass clumps (Hoyle, Burgers
 van De Hulst 1949 ; Peebles 1969 ; White 1984 ; Porciani, Dekel &
 The definition of proximity to a filament in the cosmic web is to some 
xtent predicated by the particular classification technique used. A method 
hat allows the identification of filaments of varying thickness would relate 
alaxy properties to the thickness and prominence of the filament. 

r

t
o
t
f

offman 2002b ; Sch ̈afer 2009 ). This induces a significant correlation
etween the direction of filamentary ridges and the spinning direction 
f collapsed haloes (Lee & Pen 2001 ; Porciani, Dekel & Hoffman
002b ). The alignment between filaments and galaxy spin has also
een found in observations (Jones, van de Weygaert & Arag ́on-Calvo
010 ; Tempel & Libeskind 2013 ; Van de Sande et al. 2021 ). Starting
ith the work by Arag ́on Calvo ( 2007 ), a large number of studies
ave shown that the halo spin alignment with respect to large-scale
laments is mass-dependent (Arag ́on Calvo 2007 ; Hahn et al. 2007 ;
hang et al. 2009 ; Codis et al. 2012 ; Tro wland, Le wis & Bland-
awthorn 2013 ; Wang & Kang 2017 ; Ganeshaiah Veena et al. 2018 ;
odis et al. 2018b ), which may be an indication for the influence of
nisotropic inflow along the filamentary arteries (Ganeshaiah Veena 
t al. 2018 , 2019 , 2021 ; L ́opez et al. 2021 ). The reality of this effect
as recently been confirmed by observations (Tempel & Libeskind 
013 ; Welker et al. 2020 ). 
A major additional influence of the cosmic web on the properties

f haloes and galaxies is that on their growth and assembly history.
 range of studies have indicated that the growth of haloes is

ignificantly influenced by the cosmic web environment. The relation 
etween halo growth and cosmic web environment is partially 
 reflection of the tidally directed dynamical evolution of and 
nisotropic inflow on to the haloes (Arag ́on-Calvo et al. 2007b ;
alal et al. 2008 ; Hahn et al. 2009 ; Borzyszkowski et al. 2017 ;
usso et al. 2018 ; Paranjape, Hahn & Sheth 2018 ; Zhang, Yang
 Guo 2021 ). The result is a halo assembly history and time that

s modulated by the cosmic web, and translates into a halo and
alaxy bias known as assembly bias (Gao, Springel & White 2005 ;
echsler et al. 2006 ; Dalal et al. 2008 ; Mao, Zentner & Wechsler

018 ). Salcedo et al. ( 2020 ) found observational evidence for such
ias in the SDSS surv e y, while it may also be reflected in the relation
etween the brightness of galaxies and their level of clustering as
as been established for the GAMA surv e y (Jarrett et al. 2017 ) and
DSS surv e y (P aranjape, Hahn & Sheth 2018 ). 

.3 Topological bias: identification and quantification 

he central question of this study is whether the topological patterns
nd connections we detect through persistent homology also involve 
 dependence on the intrinsic properties of the tracing haloes. If so,
his implies a dependence that we define as topological bias . 

Consider the subsample defined by the more massive haloes: it is
elatively sparse and has lower density than samples of lower mass
aloes. This situation is directly reflected in the larger scale length
f the two-point correlation function for the different mass class 
aloes. The different mass samples have greatly different density. 
he detection of a mass-dependent topological bias requires that we 
ompensate for this. To achieve this compensation, the spatial scales 
f the topological features in a given mass class are rescaled using
he correlation length of that class. After this renormalization the 
onnected structures of halo populations of different mass ranges 
and accordingly vastly different number densities) can be compared 
nd investigated on scales of similar length and equal clustering . 

Accordingly, before running the topological analysis we renor- 
alize the scale of each sample relative to its clustering length-scale

 0 . The details of this analysis are presented in Section 4.2 . 
Deviations in topological properties of the renormalized halo dis- 

ribution are implicit indications and manifestations of the presence 
f higher order clustering. They would elude detection through a 
wo-point correlation function analysis, and are a direct indication 
or complex topological influences. 
MNRAS 529, 4325–4353 (2024) 
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We observe that haloes in different mass ranges trace specific
tructural patterns, characterized by topological features of varying
imension, at different normalized length-scales. This is a direct
ndication and compelling evidence for the presence of a bias that
nv olves nontrivial contrib utions by higher order clustering terms.
his topological bias is found to have a simple dependence on the
ass of the dark matter haloes that define the structure. Moreo v er,

nd perhaps surprisingly, we find a clear systematic behaviour of
he topological bias: there is a strict relation between the normalized
opological parameters and the characteristics of the halo population.

.4 Implications of topological bias 

opological bias addresses the question in how far the morphology
f voids and filaments, and the corresponding tunnels, depend on
he nature of the halo populations. It means that the cosmic web
raced by haloes in different mass ranges exhibits differences in the
orresponding topological characteristics, such as the connectivity
roperties. More generally, it also involves aspects such as volume,
hape and substructure of these features. In other words, it implies a
ystematic dependence of the spatial structure of the cosmic web on
he specifics of the halo population that is used as its tracer. Moreo v er,
hen normalized and compensated for two-point clustering, topolog-

cal analysis reveals that the structure of the cosmic web traced by the
ifferent halo populations displays fundamental differences. In other
ords, filaments and voids for different halo populations do have

ignificant differences. These go further than simple self-similarity
nd includes effects of substructure, connectivity and shape. 

The innately multiscale nature of persistent topology provides
ew insights into the hierarchical nature of the structure formation
rocess. Structural features are the product of a process marked by a
ich assembly history. This tends to leave traces in the (sub)structure
f such features, to which the multiscale topological analysis in
erms of homology and persistence is very sensitive. We therefore
xpect such an analysis to highlight the link between the assembly
istory and cosmic environment. This may imply an intricate and
lose relationship between the topological bias which we find and
ssembly bias (Gao, Springel & White 2005 ; Wechsler et al. 2006 ;
ao, Zentner & Wechsler 2018 ). 
Observing topological bias will have a substantial impact on the

nformation on the cosmic web that can be gained from cosmological
tudies. The detection and incorporation of topological bias in the
nalysis of cosmological data sets is crucial if one seeks to exploit
igher levels of structural complexity in the distribution of galaxies
nd galaxy haloes. This concerns important aspects such as the
roperties of the void population, that of the filamentary spine of
he cosmic web and its branching network of tendrils. The visually

ore directly accessible description in terms of topological factors,
uch as Betti numbers and persistence, also provides a considerably
etter appreciation of the nature of the contributing higher order
lustering terms. Topological bias may also imply complications
hen seeking to use the observed galaxy distribution to extract

nformation on the underlying dark matter distribution and on general
osmological parameters. The presence of topological bias reveals
ystematic differences between the structural pattern outlined by the
ark matter distribution and that by galaxies. 

.5 Programme and outline 

o unravel the relationship between the topology of the galaxy
istribution and the underlying dark matter distribution, we first
NRAS 529, 4325–4353 (2024) 
ave to establish a systematic, preferably quantifiable, relation-
hip between the topological characteristics of the spatial patterns
utlined by the various populations. This study limits itself to an
nvestigation of topological properties of populations of dark matter
aloes in the P-Millennium simulation, in a subsequent study we
ill extend this to that of the simulated galaxy distribution in

he IllustrisTNG simulations. In a final stage, we will extend our
nalysis to the observed galaxy distribution. A range of available
edshift surv e ys, e.g. the 2dFGRS, SDSS, GAMA, 2MASS, and
IPERS (Colless et al. 2003 ; Tegmark et al. 2004 ; Driver et al.
009 ; Huchra et al. 2012 ; Guzzo & VIPERS Team 2013 ), already
roduced detailed three-dimensional maps that revealed the presence
f a rich web-like morphology and topology. The very recent
ear 3 data release of DES (Sevilla-Noarbe et al. 2021 ) and the
pcoming EUCLID surv e y (Laureijs et al. 2011 ) as well as the
ESI experiment (DESI Collaboration 2016 ; Dey et al. 2019 ) will
rovide ample opportunity for the identification of topological fea-
ures to analyse their multiscale (sub)structure, and for applications
f the toolset of topology and persistent homology described in
his study. 

In this paper, we extend the earlier work of the group laid out
n Van de Weygaert et al. ( 2011 ), Nevenzeel ( 2013 ), Pranav et al.
 2017 , 2019a , b ), Feldbrugge et al. ( 2019 ), and Wilding et al. ( 2021 ).
t represents a key step in enabling the formalism developed in
hese previous studies towards one suited for the analysis of galaxy
edshift surv e ys. To this end, this paper is structured as follows:
n Section 2 , we introduce the formalism of persistent homology,
hich is necessary to understand the construction of alpha shapes

hat yield the persistence diagrams and Betti curves. In Section 3 ,
e describe how we obtained the halo catalogue that was used in the

tudy. In this section, we also moti v ate the mass binning we applied
o the catalogue and describe some of its halo properties, such as
patial distribution and clustering. Section 4 presents the results of
his study, mainly the intensity persistence diagrams and Betti curves
hich aim to support our claim of a topological bias. Moreo v er, in

his section we discuss the implications of our intensity persistence
iagrams and Betti curves, and explain how these results provide
ompelling evidence for the existence of a topological bias. Finally,
n Section 5 , we summarize the results of this paper and indicate
ome future research prospects following this work. 

 TO P O L O G Y,  PERSISTENCE,  A N D  ALPH A  

HAPES  

opology is the field of mathematics that studies properties which
re preserved under continuous deformations (such as bending and
tretching, but not gluing). Connectivity is a k ey topolo gical invariant
Sutherland 2009 ) which studies mathematical features in a given
oint distribution. Formally, these topological features are structures
hat prevent the space to be continuously deformed into a single point.
he canonical probe of connectivity is that of counting topological

eatures, and establish their relationship with neighbouring features.
The most outstanding virtue of our analysis is that it allows us

o e v aluate the prominence of the global topology of the different
opological features as a function of spatial scale, density or other
ele v ant factors. This is of major importance for our understanding
f the structure of the cosmic web, and of its hierarchical assembly. 
We are also interested in a direct assessment of the dependence

f the structure of the mass distribution on spatial scale as inferred
rom the observed sample of objects. The multiscale nature of the
atter distribution would follow from the assessment of changes in

he field structure as a function of distance (level). 
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.1 Topological features 

n the context of this study, we distinguish three different topological 
eatures. These are associated with (super)clusters, filaments and 
oids. Each of these features correspond to a well-defined topological 
lass with corresponding dimensionality. Throughout the rest of the 
aper, we will be referring to (super)clusters, filaments – and their 
ssociated tunnels – and voids as topological features . 

Formally, the dimensionality is associated with the type of topo- 
ogical hole that each feature corresponds to. In the context of this
tudy, zero-dimensional holes correspond to the space separating two 
isconnected (super)clusters, a one-dimensional hole is associated 
ith a closed loop of filaments, and a two-dimensional hole corre- 

ponds to a void bounded by a closed surface. It is the study of these
opological holes and their boundary that provides a formal notion 
f connectivity in the distance field that we study. For example, 
ero-dimensional holes can also refer to the space separating two 
super)clusters of haloes. 

.2 Homology 

he formalism of homology allows us to probe the number of zero-,
ne- and two-dimensional structural features and their connectivity 
n the underlying matter distribution. The number of the various 
opological features is expressed in terms of Betti numbers (Poincar ́e 
892 ). In proper mathematical formulation, the d th Betti number βd 

orresponds to the rank of the d th homology group. An in-depth
iscussion of the theory of homology groups lies outside the scope 
f this paper. For the interested reader, we refer to Vegter ( 2004 );
omorodian & Carlsson ( 2005 ); Rote & Vegter ( 2006 ); Edelsbrunner
 Harer ( 2010 ) and Robins ( 2006 ); Robins ( 2015 ) for a general

ntroduction of homology theory and its application in computational 
opology. For the more specific case of Betti numbers and persistent
omology in the context of the density field of the cosmic web, we
efer to, for example, Van de Weygaert et al. ( 2010 , 2011 ), Sousbie
 2011 ), Pranav et al. ( 2017 , 2019a ), Xu et al. ( 2019 ), and Wilding
t al. ( 2021 ). 

.3 Betti numbers and cosmic web topology 

ntuitively, the Betti numbers count the number of topological 
eatures in the space. That is, in the context of haloes outlining the
osmic web, β0 counts the number of disconnected clusters of haloes, 
1 counts the number of filamentary loops enclosing independent 

unnels and β2 counts the number of shells enclosing isolated voids. 
ore precisely, the d th Betti number corresponds to the number of

 -dimensional holes of the sampled space. 
Man y studies hav e probed the topology of the cosmic mass and

alaxy distribution with the Euler c har acteristic χ (Euler 1758 ; 
dler 1981 ; Gott, Melott & Dickinson 1986 ; Hamilton, Gott &
einberg 1986 ; Park et al. 2013 ; Pranav et al. 2019a ), often via

he directly related genus . The Euler characteristic represents a 
rofound topological invariant, which finds itself at the junction of 
everal branches of mathematics, including homology and simplicial 
opology (see Adler 1981 ; Adler & Taylor 2010 ; Pranav et al. 2019a ).
he Euler characteristic of a three-dimensional set is the number of

ts connected components, minus the number of its tunnels, plus 
he number of voids it contains. It is also a geometric quantity
ia the Gauss-Bonnet theorem, the deep and seminal expression 
oing back to Euler (Euler 1758 ). Requiring both Differential and 
lgebraic Topology, it shows that the Euler characteristic also has 
 geometric interpretation, and is associated with the integrated 
aussian curvature of a manifold. In fact, together with other 
uantities related to volume, area and length, the Euler characteristic 
orms a part of a more e xtensiv e geometrical descriptions in terms of
inkowski functionals or Lipschitz-Killing curvatures. These have 

een invoked in a cosmological context in a range of studies (see
.g Mecke, Buchert & Wagner 1994 ; Schmalzing & Buchert 1997 ;
ahni, Sathyaprakash & Shandarin 1998 ; Schmalzing & Gorski 
998 ; Schmalzing et al. 1999 ; Kerscher, Szapudi & Szalay 2000 ). 
There is a profound relationship between the homology charac- 

erization in terms of Betti numbers and the Euler characteristic (see
ranav et al. 2019a ). The Euler-Poincar ́e formula states that the Euler
haracteristic is the alternating sum of the Betti numbers (also see
.g. Van de Weygaert et al. 2011 ; Pranav et al. 2017 , 2019a ), 

= β0 − β1 + β2 . (1) 

his expression immediately reveals that the Betti number character- 
zation of the web-like halo distributions represents a more elaborate 
nd visually insightful description of the topology of the cosmic web
han that quantified only in terms of the Euler characteristic or genus.
isually imagining the 3D situation as the projection of three Betti
umbers on to a one-dimensional line, we may directly appreciate 
hat two manifolds that are branded as topologically equi v alent
n terms of their Euler characteristic may actually turn out to
ossess intrinsically different topologies when described in the richer 
anguage of homology . Evidently , in a cosmological content this will
ead to a significant increase of the ability of topological analyses to
iscriminate between different cosmic structure formation scenarios. 

.4 Multiscale topology and filtrations 

hile the Betti number analysis provides a global inventory of struc-
ural and topological changes as a function of scale, homology entails
 considerably richer source of information with respect to the mul-
iscale character of the mass distribution. It allows the identification 
nd characterization of individual topological transitions. As such, it 
rovides a direct means of studying the means by which individual
eatures are establishing connections with neighbouring features. The 
xplicit definition in terms of the formalism of Persistent Topology 
Edelsbrunner & Harer 2010 ) provides us with a highly informative
eans of quantifying the intricate connectivity of the cosmic web, 

nd hence represents the desired characterization in terms of a solid
athematical foundation. 
The key element of this study concerns the change of the number

f topological features as a function of spatial scale. As the scale
hanges, new features may emerge. This may involve the merging 
f formerly disconnected features, as well as the disappearance and 
nnihilation of features. Examples of the latter happen when tunnels 
r cavities fill up. Such topological changes happen whenever the 
hange in scale leads to the inclusion or removal of critical points,
.e. the minima, maxima or saddle points of the underlying manifold.

.4.1 Filtrations 

o facilitate persistence analysis, for the analysis of the multiscale 
ature of the mass distribution, the first step is a systematic definition
f structural scale dependence. This leads to the concept of filtration .
t involves the quantification of structure in terms of a field S that
ntails the characteristics of the mass distribution. 

To establish the topological connections of the mass distribution, 
t is important to study the changes in topological structure as
e proceed along different levels of the field S . This involves the

mer gence, mer ging, and disappearance of individual topological 
eatures, indicated as the birth and death of these features. 
MNRAS 529, 4325–4353 (2024) 
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Mathematically, the set of filtrations of the field S is the nested
equence of subsets S j for varying field levels: 

 = S 0 ⊆ S 1 ⊆ S 2 ⊆ ... ⊆ S M 

= S. (2) 

lthough the choice of filtration scale can allow for continuous
alues, a key observation is that we are only dealing with a finite
umber of critical points, and thus ef fecti vely with a finite number
f filtrations. 
In a cosmological context, rele v ant filtrations involve a sequence

f density field levels or a spectrum of spatial scales. In the case
f the latter, for a discrete point sample we may accomplish this in
erms of the (continuous) distance field. 2 Another option would be
o circumvent the need for the calculation of the distance field, and
eek to work directly from the object sample. It is the latter option
hich we pursue in this study. 

.4.2 Density field filtrations 

n earlier works of our group (Pranav et al. 2017 , 2019a , b ; Feldbrugge
t al. 2019 ; Wilding et al. 2021 ), we assessed the multiscale topology
f the cosmic mass distribution by means of the density filtrations ,
here connections are formed based on the local density values. In

his case, the field filtration is defined by the nested sequence of
uperlevel sets of the density field f ( r ) by applying a threshold ν to
he function values. The corresponding superlevel set M ( ν) is 

( ν) = { ( r , f ( r )) | f ( r ) ≥ ν} , (3) 

ith the key nestedness property 

( ν1 ) ⊆ M( ν2 ) for ν1 ≥ ν2 . (4) 

n view of this nestedness property, the superlevel sets M ( ν) form a
ltration , i.e. a hierarchically ordered collection of nested sets as the
ensity decreases from +∞ to 0. 

.4.3 Distance field filtrations 

nother natural choice for the filtration of a field sampled by a
iscrete number of sample points is that of the distance field. It
s defined as the value of the distance to a sample point, usually
he closest sample point (see e.g. Arag ́on-Calvo, van de Weygaert
 Jones 2010a ). The focus on the distance field enables a more

traightforward identification of features on a certain spatial scale:
y defining the filtration of the field with respect to the distance
alues and grouping the sample points that get connected at a given
istance threshold, we ef fecti vely identify structural features at the
orresponding scale. For more detailed information on simplicial
omple x es, we refer to Appendix A . 

Hence, the nested sequence of the distance field filtration will result
n a complete scale-space representation of the mass distribution
Arag ́on-Calvo et al. 2007b ; Cautun, van de Weygaert & Jones 2013 ).
t will allow a detailed assessment of how structures at different
patial scales relate to each other and connect up in the cosmic mass
istribution. 
Because the distance field is defined with respect to the discrete

oint distribution, we may actually not need the computation or
econstruction of a continuous distance field. Instead, we may work
irectly from the point distribution. To that end, the points are
NRAS 529, 4325–4353 (2024) 

 Note that there is a strong correlation between the distance field values and 
he density field: short distance field values correspond to regions of high 
ensity. 
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patially connected by means of a Simplicial Complex that reflects
he density, geometry and multiscale character of the spatial point
istribution. 

.5 Simplicial topology: Delaunay triangulations and alpha 
hapes 

 simplicial complex is an ordered geometric assembly of faces,
dges, nodes, and cells that constitutes a discrete spatial map of the
olume containing a point set (Edelsbrunner & Harer 2010 ; Pranav
t al. 2017 ). The geometric components of the complex are simplices
f different dimensions: a cell is a three-dimensional simplex, a face
r wall is a two-dimensional simplex, an edge is a one-dimensional
implex, and a node is a zero-dimensional simplex. 

A good impression of a typical two-dimensional simplicial com-
lex can be obtained from Fig. 1 , showing a slice through a Delaunay
essellation (bottom right-hand panel) and a series of alpha shapes
see Appendix B ). Zero-, one- and two-dimensional simplices are
learly visible: they correspond to the vertices and edges of the
article distribution’s tessellation. 
The simplicial comple x es at the centre of this study are Delaunay

nd Voronoi tessellations (Voronoi 1908 ; Delaunay 1934 ). 
The self-adaptive nature of the Delaunay tessellations also assures

s that it represents the topological structure traced by the sample
oints. Given the intention to assess the multiscale topological
spects of the mass distribution probed by the sample points, it
eads us to consider the possibility to define a scale-based filtration
f the Delaunay tessellation that is the simplicial representation of
he probed mass distribution. The filtration of a simplicial complex
 is given by 

 = K 0 ⊆ K 1 ⊆ K 2 ⊆ ... ⊆ K m 

= K. (5) 

he hierarchical subsets K i of K encode the change in topology
hroughout the simulation box. It naturally leads to the concept of
he scale-based filtration of a Delaunay tessellation, known as alpha
hapes (Edelsbrunner, Kirkpatrick & Seidel 1983 ; Edelsbrunner &
 ̈ucke 1994 ; Edelsbrunner & Harer 2010 ). Uniquely defined for

 particular point set P by a real number α, the scale parameter,
lpha shapes correspond to a unique assembly of simplicial (ge-
metric) structures that capture the shape and morphology of the
oint distribution. They are a well-known concept in Computational
eometry and Computational Topology, and involve a generalization
f the conv e x hull of a point set. For detailed information on and
llustrations of alpha shapes see Appendix B . 

.6 Persistent homology on alpha shapes 

nstead of studying the topology at a single length-scale, alpha
hape topology probes the topology of the distance field along
ts set of filtrations as a function of the length-scale α. 3 As the
ltration length-scale α increases, the halo/sample point distribution
roceeds through a process in which we see a growing number
f Delaunay simplices getting connected as they get embedded in
patial point distributions that are based on the corresponding distance field. 
mongst others, Minimal Spanning Trees and graph theoretical techniques 

re known for their application to the large-scale galaxy distribution. In 
ppendix C , we include a short discussion and comparison of several distance 
eld based methods. 
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Figure 1. Alpha shape of a slice of haloes in the P-Millennium. This plot represents the evolution of a two-dimensional alpha shape for a sample of haloes 
with a mass range of log 10 ( M ) = (12.5, 13] h −1 M � in a slice of 30 h −1 Mpc from the halo catalogue. Different panels are associated with different values of α, 
representing different stages in the evolution of the alpha shape. From left to right in each row: α = 0 h −1 Mpc, α = 3 h −1 Mpc, α = 6 h −1 Mpc, α = 8 h −1 Mpc, α
= 10 h −1 Mpc, α = 14 h −1 Mpc. These plots show how, as we increase the value α, topological features (such as tunnels) are born and disappear and the haloes 
become more connected. The last panel represents an almost complete version of the Delaunay tessellation. 
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he corresponding alpha complex. As a result of this, we see a
ontinuously changing population of different separate simplicial 
omple x es and the corresponding structural entities they represent. 

Proceeding through the entire value range of the scale parameter 
, we may follow the creation and destruction of the individual topo-

ogical features. As new structures emerge, existing structures merge 
nd other structures get annihilated, the number of (super)clusters 
f haloes, filaments and voids will continuously change. To obtain 
nsight into the connection between the growing simplicial (alpha 
hape) complex and the topology of the spatial structure, it is illus-
rative to consider what happens as more points get added while the
implicial complex grows (see Van de Weygaert et al. 2011 ). Cycling
hrough the simplices of the alpha complex, we find the following: 

When a point is added to the alpha complex, a new component
s created: the zeroth Betti number β0 is increased by 1. In this
tudy, the alpha complex starts out with all haloes added at α =
, and each component corresponds to an individual halo. When 
dding edges between pairs of points, the components become 
super)cluster of haloes. The process of adding edges between points 
an have two outcomes. Either both points belong to the same, or
o different components of the current comple x. When the y belong
o the same component, the edge creates a new tunnel, increasing 
he one-dimensional Betti number by 1. The creation of a filament 
orresponds to the creation of a tunnel. When the edge connects two
ifferent components, two (super)clusters merge and β0 decreases 
y 1. When a triangle gets added, it may complete the enclosure of a
oid or it may close a tunnel. In the first case, a new void is created
nd β2 increases by 1. In the latter case, β1 is decreased by 1 as the
umber of tunnels and corresponding filaments decreases. Finally, 
hen a tetrahedron is added, a void is filled. This means that the

wo-dimensional Betti number β2 is lowered by 1. 
By assessing the value of α at which a feature is created, the birth

alue αb , and the value at which a feature is destroyed, the death
alue αd , we follow the existence of (super)cluster complexes, of 
lamentary features and of enclosed voids (see, e.g. Wilding et al.
021 ). The difference between the creation and the destruction value, 

: = αd − αb (6) 

enotes the persistence π of a topological feature. By plotting the 
alues of αd versus αb for all topological features present in a spatial
oint distribution, for each dimension d = 0, 1, . . . , D , a highly
etailed and idiosyncratic depiction of the topological structure is 
btained. These persistence diagrams not only quantify the topology 
n terms of a few summarizing parameters, but in terms of diagrams
hat contain information on every individual topological feature 
resent in the sample point distribution. 
Analogously, we can compute the Betti numbers ( β0 , β1 and β2 )

f the distance field as a function of the length-scale α. The resulting
etti curves (i.e. the Betti numbers for all scales) provide an overview
n the complete structure of critical points, and on how the global
opology differs for varying scales. While Betti curves inform us 
f the o v erall topology (since they measure the total number of
opological features as a function of α), persistence diagrams allow 
MNRAS 529, 4325–4353 (2024) 
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4 Note: to compute the two-point correlation function of each halo population 
in the P-Millennium, we use the Landy-Szalay estimator (Landy & Szalay 
1993 ; Kerscher, Szapudi & Szalay 2000 ), which is given by 

ξ ( r ) = 

〈 DD 〉 − 〈 2 DR 〉 + 〈 RR 〉 
〈 RR 〉 , (8) 

where 〈 DR 〉 is the normalized number of pair counts between the data and 
the Poisson point distribution while 〈 DD 〉 is the normalized number of pair 
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s to precisely track at what length-scales each of these topological
eatures is formed and for how long they persist . 

.7 Topological data analysis 

n order to obtain the persistence points and Betti numbers from the
ormalism described abo v e, we used GUDHI (Geometric Understand-
ng in Higher Dimensions). GUDHI is a generic open source C ++
ibrary for Computational Topology and Topological Data Analysis
The GUDHI Project 2015 ). 

We start from the halo distribution in the P-Millennium, sam-
led for a specific mass bin, and treating it as point-cloud data.
UDHI allows the straightforward computation of the alpha complex

Rouvreau 2015 ), making use of the corresponding CGAL [the
omputational Geometry Algorithms Library; The CGAL Project
 2019 )] procedure. The simplices of the alpha complex are stored in
 simplex tree (Maria 2015a ), each with the corresponding filtration
. The persistent homology, i.e. the persistence points ( αi , αj ), is

hen calculated using a persistent cohomology algorithm (Maria
015b ). For a more detailed description of the algorithm, we refer
o Boissonnat & Maria ( 2012 ) and The GUDHI Project ( 2015 ). The
etti numbers that we will use to analyse the halo structure can be
alculated directly from the persistence points. This is done for a
hosen α by counting the pairs that were born at a lower α and will
ie at a higher α. 

 H A L O  POPULATION  

.1 Simulation and halo finding 

n order to study the connectivity of haloes in the cosmic web, we
se the state of the art N -body simulation for a standard � CDM
odel: the Planck-Millennium simulation [hereafter P-Millennium,

ee Ganeshaiah Veena et al. ( 2018 ) and Baugh et al. ( 2019 )].
he P-Millennium traces the cosmic evolution of o v er 128 billion

5040 3 ) dark matter particles of mass M = 1.061 × 10 8 h −1 M �
n a periodic box of side length 542.16 h −1 Mpc. The P-Millennium
ompromises cosmological parameters from the latest Planck surv e y
esults (Planck Collaboration 2018 ): the Hubble-Lema ̂ ıtre parameter
 = 0.6777, where h = H 0 /100 km s −1 Mpc −1 and H 0 is the Hubble-
ema ̂ ıtre constant. Density parameters correspond to 	m = 0.307,
� 

= 0.693, and the density fluctuation is σ 8 = 0.8288. The evolution
f these dark matter particles is traced back to z = 127. Ho we ver,
n this work, we limit ourselves to the study of haloes in the P-

illennium at present time z = 0. 
The halo catalogue was obtained by running the halo and subhalo

nder SUBFIND (Springel et al. 2001 ). Subsequently, halo merger
rees were obtained by using the DHALOS algorithm described in
iang et al. ( 2014 ). A more detailed description of how the halo
atalogue was obtained can be found in Ganeshaiah Veena et al.
 2018 ) and Baugh et al. ( 2019 ). We define the halo radius R 200 as the
adius of a sphere enclosing a mass M 200 . That is, each halo encloses
n o v erdensity corresponding to � = 200 times the critical density
f the Universe. In total, there are approximately P-Millennium. 
In this study, we consider haloes more massive than

.2 × 10 10 h −1 M �, corresponding to 1.13 × 10 7 of such haloes.
his filtering has been chosen so that each halo is resolved by a

arge enough number of dark matter particles (300 particles, for
ore details see Bett et al. 2007 ; Ganeshaiah Veena et al. 2018 ).
onetheless, our sample of 1.13 × 10 7 is large enough to characterize

he topology of the cosmic web in a statistically representative
anner. The haloes vary in mass from log 10 ( M ) = [10.5, 13] h −1 M �.
he halo catalogue is into six mass bins, labelled as HA, HB, HC,
NRAS 529, 4325–4353 (2024) 
D, HE, and HF. The mass ranges and number of haloes in these
ins are shown in Table 1 . 

.2 Mass dependence halo clustering 

ig. 2 shows the distribution of a subsample of haloes of different
ass ranges in the P-Millennium. As we consider less massive

aloes, some morphological elements of the cosmic web such as
laments and voids appear more prominently. On the other hand,
hen considering the most massive haloes (HF), their assembly

s distinctly different from their lower mass counterparts. In the
istribution of the most massive haloes (HF) the structures are larger
nd voids span greater distances than in the case of the least massive
aloes (HA and HB). Simply by considering the spatial distribution of
aloes in the P-Millennium, we observe how haloes of different mass
anges trace different structural patterns in the cosmic web. These
tructural patterns are precisely what our topological analysis aims
o capture by means of the persistence diagrams and Betti curves. 

The dependence of the spatial clustering of haloes on their mass
as been known since the seminal study by Kaiser ( 1987 ). It led to
he concept of bias and the realization that the spatial distribution of
alaxies, haloes, and clusters that emerged from the cosmic matter
eld may offer a distorted view of the underlying dark matter struc-

ure. It manifests itself directly in terms of second order clustering,
s measured by the two-point correlation function ξ ( r ) of galaxies
nd haloes (Peebles 1980 ). It involves the systematic trend of the cor-
elation function amplitude with the mass of the objects. In general,
iasing entails a higher clustering amplitude for more massive objects
Kaiser 1987 ; Mo & White 1996 , 2002 ; Mo, Jing & White 1997 ; Mo,
an den Bosch & White 2010 ; Desjacques, Jeong & Schmidt 2018 ).
he most outstanding case is that of the cluster distribution, where
arious studies have demonstrated the almost linear increasing trend
f clustering amplitude with cluster mass and richness (Szalay &
chramm 1985 ; Bahcall, Batuski & Olowin 1988 ; Bahcall et al.
003 ; Berlind et al. 2006 ; Estrada, Sefusatti & Frieman 2009 ). 
Based on this observation, we first address the two-point clustering

f the different halo subsamples before investigating the higher order
opological imprint. 

.3 Clustering in P-Millennium subsamples 

n our P-Millennium halo sample, the mass dependence of the halo
wo-point correlation function is clearly borne out by its behaviour
or the different halo mass bins (see left-hand panel of Fig. 3 ). To a
rst approximation, the two-point correlation function behaves as a
ower law, 

( r ) = 

(
r 

r 0 

)γ

, (7) 

o that it is fully characterized in terms of the power-law slope γ
nd the clustering amplitude in terms of its correlation or clustering
ength r 0 . Table 2 (third and fourth columns) lists the parameters
 0 and γ for the P-Millennium halo subsamples. 4 There is a clear
ystematic trend, where more massive haloes (such as HD, HE, and
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Figure 2. Spatial distribution of haloes in the P-Millennium. This plot represents the point distribution of haloes of a 200 × 200 h −1 Mpc slice in the P- 
Millennium, cut through a slice of 15 h −1 Mpc thickness. From left to right in each row: HA, HB, HC, HD, HE, HF. Notice that each of the panels represents 
the same simulation box, but with haloes subsampled from different mass ranges (see Table 1 for the exact ranges of all halo populations). Each halo population 
highlights a different morphological aspect (or varying scales of connectivity) of the cosmic web by sampling a different mass range. This is also reflected in 
the difference in number of haloes for each halo population, with the heaviest haloes tracing the high-density nodes, and the lightest haloes weaving the whole 
filamentary structure. 

Table 2. Clustering correlation parameters of haloes in the P-Millennium simulation. For each halo class and its logarithmic mass range, we show the respective 
clustering length r 0 and the exponent of the power-law fit γ . ̃  r 0 and ̃  γ are the same parameters for the halo populations with second-order clustering normalized 
using the respective clustering lengths r 0 . 

Halo population log 10 ( M ) [ h −1 M �] r 0 [ h −1 Mpc ] γ ˜ r 0 [ r 0 ] ˜ γ

HA (10.5,11] 2.49 ± 0.01 −1.247 ± 0.008 1.009 ± 0.005 −1.29 ± 0.01 
HB (11,11.5] 2.71 ± 0.01 −1.298 ± 0.006 1.003 ± 0.004 −1.33 ± 0.01 
HC (11.5,12] 3.11 ± 0.01 −1.385 ± 0.004 0.995 ± 0.003 −1.41 ± 0.01 
HD (12,12.5] 3.87 ± 0.02 −1.417 ± 0.008 0.979 ± 0.003 −1.50 ± 0.01 
HE (12.5,13] 4.91 ± 0.02 −1.54 ± 0.01 0.99 ± 0.01 −1.55 ± 0.02 
HF (13,13.5] 6.88 ± 0.08 −1.51 ± 0.02 0.963 ± 0.007 −1.72 ± 0.03 
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F) are more correlated and clustered than the lower mass haloes 
HA, HB, and HC). 

.4 Clustering rescaling 

o get a more balanced and objective impression of the higher order
lustering aspects of the halo (sub)samples we compensate for two 
spects of the halo distribution, the differences in clustering strength 
nd the differences in number density of the halo subsamples. 

We compensate for the stronger clustering of the more massive 
alo samples by rescaling the various subsamples by the correspond- 
ng clustering scales r 0 . The scales, and coordinates x , y , z of the
ounts between the data. Lastly, 〈 RR 〉 corresponds to the normalized number 
f pair counts between the Poisson point distribution. 

s
t
c

(

aloes, are rescaled to dimensionless coordinates 

 

 : = 

x 

r 0 
, ˜ y : = 

y 

r 0 
, ˜ z : = 

z 

r 0 
. (9) 

he two-point correlation function of the rescaled halo samples 
s plotted in Fig. 3 (right-hand panel). As intended, the rescaled
orrelation function have equal clustering length ˜ r o = 1. They 
re also similar power-law functions, with almost equal slopes at 
mall scales ˜ r < 2. Ho we ver, to wards larger scales the rescaled
orrelation functions do clearly reveal systematic differences, with 
he higher mass samples displaying a stronger decline towards larger 
cales. Apparently, the different halo subsamples are not perfect 
elf-similar representatives of an underlying distribution. Instead, 
his testifies of the significant presence of higher order clustering 
ontributions. 

Visually, the differences in clustering patterns between the halo 
sub) samples reveal themselves optimally by sampling the same 
MNRAS 529, 4325–4353 (2024) 
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Figure 3. Second-order clustering of haloes in the P-Millennium. The plots show the two-point correlation functions for each of the halo populations of 
the P-Millennium. The left-hand panel shows the unscaled correlations functions, each with a power-law fit (see Table 2 for the parameters). This clustering 
information was used to rescale the halo locations, which is shown in the right-hand panel. The two-point correlation functions are shown as continuous lines, 
and the power-law fits are shown as dashed lines. For each panel, we also show the (horizontal) line ζ ( r ) = 1 (in black) and vertical lines at each halo class’s 
clustering length. Where the clustering length r 0 differs significantly in the unscaled case, rescaling leads to values very close to ˜ r 0 = 1 (see Table 2 for the 
parameters). We observe a systematic trend where the massive haloes are more clustered than the lower mass haloes. 
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umber of haloes within a given rescaled volume. This removes
he influence of point density on the impression of clumping
erceived by the human eye. Fig. 4 plots the rescaled spatial
istribution of haloes in the six subsamples in the same rescaled
olume, a slice of (rescaled) size 80 × 80 × 5. Each of the
alo samples contains a random selection of the same number of
00 haloes. 
The o v erall impression is that of spatial patterns that largely

esemble each other. This is a clear manifestation of the approxi-
ately self-similar character of the halo distribution as expressed

y the power-law two-point correlation function. Ov erall, ev en the
arge-scale structure of the different halo distribution is largely
imilar. Nonetheless, we also discern a gradual and systematic
hift in the nature of the large-scale patterns defined by the halo
istributions, from a somewhat random character for the HA sample
top left-hand panel) towards a more and more structured geometric
attern in the most massive halo sample HF (bottom right-hand
anel). 
The subtle differences in structure at large scales, also in the

escaled halo distributions, are responsible for the differences seen
n the corresponding rescaled second-order correlation functions and
eviations from pure self-similarity. They testify of the presence of
igher order correlations. Here, we therefore aim to identify struc-
ural patterns that go beyond the second-order probe of clustering.
he challenge is to identify and quantify this in terms of measures that

acilitate a direct relation with the visible web-like spatial pattern, its
ultiscale character and connectivity of structure in the distribution

f haloes. It leads us to the investigation of the nature of these higher
evel structures with a topological underpinning, and a description in
erms of persistent topology . 
NRAS 529, 4325–4353 (2024) 

m  
 TO P O L O G I C A L  SCALE  DEPENDENCE  

n this section, we delve into the scale-dependence of the halo
opology. First, we will treat the o v erall topology and connectivity of
he cosmic web, traced through the different samplings of the six halo

ass classes. This is done by looking at the total number of topolog-
cal features (for each dimension) at different scales, represented by
he Betti curves for varying filtration length-scales α. This allows a
isualization of the global build-up of the connectivity, highlighting
eneral characteristic length-scales. We then focus on the much more
recise characterization of the length-scales ( αb , αd ) at which each
f the topological features form and disappear, provided through
he persistence diagrams. This will give insights into the multiscale
ature of the cosmic web as traced by dark matter haloes. 
Both Betti curves and persistence diagrams serve as topological

racers of the strength of the correlation between the structures haloes
utline and the underlying geometric dimension. These tracers (after
ormalizing according to the two-point correlation function) quantify
igher orders of structuring and the correlation of the halo mass with
he underlying geometry. As such they pick up different clustering
ehaviour of light and heavy haloes, and allow statements about how
t depends on the geometrically defined environment. 

.1 Alpha shapes of the halo distribution 

ig. 1 shows the two-dimensional alpha shape for the HC halo
opulation inside a thin slice through the simulation volume. In a
equence of six panels, we see the development of alpha shapes
or increasing value of its scale parameter α. The figure highlights
he sensitivity of the alpha shape to the clustering of haloes and its

ultiscale nature, revealing the presence and scale of filamentary
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Figure 4. Rescaled halo distribution in the P-Millennium. The plot represents the point distribution of haloes of a scale-independent 80 × 80 ( r 0 ) slice in the 
P-Millennium, cut through a scale-independent slice of � ̃

 z = 5 thickness. From left to right in both rows: HA, HB, HC, HD, HE, HF. As in Fig. 2 , each of the 
panels represents the same simulation box, but with haloes subsampled from different mass ranges (see Table 1 for the exact ranges of all halo populations) 
and their coordinates divided by each respective clustering length r 0 (see Table 2 ). Additionally, the haloes of classes HA–HE have been randomly sampled to 
feature the same number of haloes within the slice as appear in HF . W e point out that whereas it is more difficult to distinguish between the different clustering 
behaviour of the mass classes, it is still possible. The heaviest haloes (HF) appear distinctly more clustered the classes of lighter haloes. 
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ridges, gaps or voids of haloes, and tunnels that only fill up at the
ighest values of alpha . 
The vast potential and richness of the topological information 

n the cosmic web contained in alpha comple x es becomes even
ore apparent when assessing the full three-dimensional situation. 
he two supplementary figures shown in Appendix B also testify 

his. They show – for three different values of α – the full three- 
imensional alpha shapes for the HA halo population of the P -
illennium simulation, in a slice with the full simulation box width 

f 542.16 h −1 Mpc and 30 h −1 Mpc width, along with zoom-ins
nto specific re gions. The y rev eal in meticulous detail the web-
ike pattern defined by the distribution of haloes, the nature of
ts composing structures, their mutual connections and its intricate 
ultiscale character. Further details are outlined in the corresponding 
ppendix B . 

.2 Scale-independent parametrization – the sample rescaling 

ollowing our observation in the previous section that the higher 
rder clustering character of the halo distribution manifests itself 
irectly in the pattern of the corresponding rescaled spatial point dis-
ribution, we assess its multiscale topology by analysing the rescaled 
lpha shapes . This entails the rescaling of the scale parameter α by
he corresponding clustering length r 0 , 

 : = 

α

r 0 
, (10) 

nd with respect to the topological persistence diagrams the rescaling 
f the birth and death scales ˜ αb and ˜ αb of the various topological 
eatures, 

 b : = 

αb 

r 0 
, ˜ αd : = 

αd 

r 0 
. (11) 

In the case of a purely self-similar spatial pattern, fully specified
y its two-point correlation function, we would expect its topological 
roperties to remain unaltered for the halo subpopulations. The topol- 
gy would be entirely determined by the second order clustering. 
o we ver, in the presence of higher order clustering the situation
ill be different resulting in more complex topological behaviour. 
he different spatial patterns seen in the scaled halo distributions in
ifferent mass ranges testify of such topological bias. To optimize 
he sensitivity to these topological properties, we therefore assess the 
etti curves and persistence diagrams for both the regular and the

caled halo distributions. 
As we will observe in the following section, also the scaled Betti

urves and persistence diagrams reveal a systematic shift from low- 
ass to high-mass haloes. The systematic shift shows that different 

alo populations (of different mass ranges) trace different structural 
atterns at higher order clustering, and hence reflect a topological 
ias. 

.3 The o v erall topology – Betti cur v es 

e first investigate the global topology by analysing the Betti 
urves for the halo distribution in the P-Millennium. We show the
umber of independent topological features per dimension ( β0 , β1 , 
2 ) for both unscaled (such that α represents a physical distance) 
nd rescaled (with respect to r 0 ) cases to highlight the general
ultiscale build-up. To ease the visualization of these curves, the 
MNRAS 529, 4325–4353 (2024) 
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Figure 5. Betti curves for different classification of haloes in the P-Millennium. From top to bottom: standardized β0 -curve s ( β0 ), corresponding to disconnected 
haloes; normalized β1 -curve p ( β1 ), associated with filaments; and β2 -curve p ( β2 ), associated with voids. The left column corresponds to the unscaled Betti 
curves, where α is in physical units of h −1 Mpc, whereas the right column corresponds to the rescaled Betti curves, where ̃  α = 

α
r 0 

represents a scale-independent 
parameter that nullifies the clustering of the two-point correlation function (see Table 2 for exact values of r 0 ). Note that even when we take out the two-point 
correlation function from the Betti curves (by considering the evolution of the alpha shape in terms of the scale-independent parameter ̃  α), the haloes still present 
a topology that is not self-similar with respect to each other. 
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0 -curves were standardized by dividing by the number of haloes in
ach halo population, indicated as s ( β0 ). In this case, at a value
f α = 0, the disconnected haloes correspond to s ( β0 ) = 1, as
o connections have taken place in the alpha shape yet and the
umber of separate clusters of haloes is equal to the total number of
aloes. 
For the β1 and β2 curves (associated with filamentary loops and

oids respectively), we carried out a normalization of the Betti curves
dividing by the area under the curve), which we denote as p ( β i ) for i
NRAS 529, 4325–4353 (2024) 
 { 1, 2 } . Notice that these procedures were applied for both unscaled
nd rescaled Betti curves, as shown in Fig. 5 . 

β0 : disconnected haloes 

he first row of Fig. 5 shows the β0 curv es. F or the unscaled curves
top left panel), we observe a consistent trend. That is, the lower
ass haloes connect up at lower values of α as the number of them

per population) is higher. More precisely, the lowest-mass haloes
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HA) have all connected at length-scale of α = 2 h −1 Mpc whereas
he most massive haloes are still not fully connected at length-scales 
f α = 9 h −1 Mpc. This indicates that it is more likely for lower mass
aloes to find another such halo of the same mass range within their
eighbourhood and that higher mass haloes are spread out o v er larger
tructures with connections forming for larger length-scales. 

As soon as we correct the clustering length of each halo population
ith respect to α interesting trends start to appear. The β0 curves start

o become more similar with respect to each other in terms of their
teepness and the speed with which they attain full connectivity. 
ince the distance at which haloes form connections is associated 
ith their clustering length, rescaling the β0 -curves with r 0 provides 
 more comparable description of the topology of the different 
alo populations. More explicitly, we see now that the lowest-mass 
aloes have mostly connected at a scale-independent threshold of 
pproximately ̃  α = 0 . 5, while the most massive haloes have formed
ost connections only at ˜ α = 1 . 5. This is concrete indication that

he heaviest haloes trace features on larger scales than their lighter 
ounterparts, with some rele v ant connections still forming e ven at
escaled distances exceeding the clustering length as determined 
rom the second-order clustering. We point out this behaviour in 
ig. 2 (unscaled) and Fig. 4 (rescaled). 

β1 : filaments 

he second row of Fig. 5 shows the β1 curves. Again, we see a
onsistent trend for the unscaled β1 curves (middle-left panel). The 
ower mass haloes (HA–HC) form most of their filamentary structure 
t values of α < 5 h −1 Mpc. In the case of the most massive haloes
HE, HF), we see that most filaments appear at larger scales of α
 7.5 h −1 Mpc. This indicates the birth of large-scale filaments and
 highly connected (as indicated by the behaviour of the β0 -curves 
t the respective values of α) filamentary structure that makes up 
he complex network of the cosmic web. The multiscale nature of
hese structures is better apparent from the persistence diagrams, 
hereas the Betti curves serve as a straight-forward indication of 
 v erall trends and large-scale changes in the halo-topology. 
Even when we correct for the clustering length of each halo 

opulation (middle-right panel), we still observe the same trend as for 
he unscaled case. More massive haloes (HD–HF) form filamentary 
oops later than the less massive ones (HA–HC). The majority of
lamentary loops are formed at values of ̃  α < 1 for the three lowest
ass classes, and for values between 1 . 5 < ̃  α < 2 . 5 for the three

lasses of heavier haloes. These differences together with the broader 
urves for the heavy haloes (HD–HF) indicates that more massive 
aloes are not merely tracing a scaled-up version of the structures
raced by lighter haloes, but that their connected structures form and 
 xist o v er wider ranges in the probed distance space. 

β2 : voids 

he last row of Fig. 5 shows the β2 curves. Similarly to the intensity
ersistence diagrams of dimension 2, the bottom left panel indicates 
hat lower mass haloes (HA–HC) form most of their voids at length-
cales of α < 8 h −1 Mpc. More remarkable is the case of the more-
assive haloes (HD–HF). For these halo populations, the β2 -curves 
anage to capture a rich hierarchy of void formation at length-scales 

f α > 10 h −1 Mpc. 
Although this hierarchy becomes more diffuse when we correct 

or the clustering length of each halo population, we still observe a
ifference in the formation of voids with respect to ˜ α. We observe
 similar symmetry to that of filament formation around ̃  α = 1. The
oid structure of lower mass haloes is present at scale-independent 
alues of ˜ α ≤ 2, whereas the most significant voids only appear 
t scale-independent values of ˜ α > 2, corresponding to the more 
assive haloes. 

.4 Multiscale connectivity – persistence diagrams 

ollowing the formalism presented in Section 2.7 and Appendix B ,
e computed the persistence points ( αb , αd ) and plotted αd versus αb .
iven the large number haloes in the P-Millennium, we computed 
hat we denote as intensity persistence diagrams (Pranav et al. 2017 ).
hese are equi v alent to the standard persistence diagrams, except that
 colour map indicates the number of counts of persistence points of a
ertain region on the persistence plane. This was done by constructing 
 2 D histogram counting, for every persistence point, the number of
ther pairs located in the histogram bin. 
In Fig. 6 , we depict the one- and two-dimensional intensity

ersistence diagrams of three halo populations (HA, HC, and HF). 
he zero-dimensional diagrams are not shown and excluded from this 
iscussion, as all features share a birth-value αb of zero, and they are
hus less informative than in the other dimensions. We are mainly
nterested in studying the characterization of filaments (i.e. filamen- 
ary loops, associated with one-dimensional topological features) 
nd voids (associated with two-dimensional topological features). 
he primary axes of the diagrams (bottom and left) use the rescaled
alues ̃  α, whereas the secondary axes (top and right) show unscaled
alues α. The cluster length ( ̃  αb , d = 1) is marked by horizontal and
ertical lines. In these dimensions the persistence diagrams exhibit a 
haracteristic, roughly triangular shape, that can be attributed to the 
ultiscale nature of the structures under investigation. 
To a large degree, their shape reflects what can be expected from a

alo-based sampling of the underlying dark matter distribution. The 
etailed information on the process of structure formation due to 
ravity that can be obtained from the persistence diagram of the dark
atter distribution is discussed in an earlier publication of the group

Wilding et al. 2021 ). Several of the relevant notions also extend to
he persistence diagrams of the halo distribution, whereas there are 
lso notable deviations. 

he apex of the persistence diagram 

ig. 6 illustrates the intensity persistence diagrams. The roughly 
riangular shape of the diagrams is the first similar characteristic. 
n general, the triangular region is bounded by the diagonal and two
dges converging towards a tip. For the tip of this region in particular,
e coined the term apex of the persistence diagram (Wilding et al.
021 ). At least one of the edges commonly exhibits a concave shape,
n the case that both edges feature this attribute the diagram usually
pouts a distinct, sharp apex. 

The base of the triangular region is formed by persistence 
oints along the diagonal. These points, with very small values of
ersistence, are the most short-lived topological features commonly 
ssociated with topological noise. Opposed to that, the apex consists 
f the points with the highest values of persistence. These points
haracterize the most prominent features of the halo distribution –
hey are visible during wide ranges of α. 

The apex and its sharpness also indicate the occurrence of phase
ransition-like behaviours in the emerging connectivity of the cosmic 
eb. Such a behaviour is generally found in regions where a large
umber of persistence points appear with similar birth- or death- 
alues ( αb or αd ). An example of such a transition can be found
MNRAS 529, 4325–4353 (2024) 
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Figure 6. Persistence diagrams. We show the diagrams of dimension 1 (associated with filaments, left column) and dimension 2 (associated with voids, right 
column) for three different classifications of haloes in the P-Millennium. From top to bottom, we show the diagrams of haloes of the classes HA, HC, and HF 
(see Table 2 for the exact mass ranges). The birth and death thresholds ( αb , αd , respecti vely) are gi v en both in units of h −1 Mpc (secondary ax es) and in the 
scale-independent parameters ̃  αb and ̃  αd (primary axes). The manifest differences in these birth–death diagrams between the two columns reveal the differences 
between haloes of a given mass in either of the two topologically defined environments. This is clear evidence for a topological bias. 
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n the two-dimensional persistence diagram of the lightest haloes 
HA), where the apex is particularly tapered. The features in the 
pex indicate prominent structures that emerge within a very narrow 

ange of birth-values αb . The location of the apex (in terms of
nscaled/rescaled birth- and death-values) will also serve as a tracer 
or the most prominent and distinct structures. The main variations 
etween in the persistence diagrams shown here occur in relation to 
he shape and location of the apex. 

imension 1: filaments 

n the left column of Fig. 6 we show the one-dimensional intensity
ersistence diagrams for the halo populations HA, HC, and HF. The 
iagrams outline the multiscale filamentary structure traced by the 
ark matter haloes, separate for each population. From the diagram 

t is possible to analyse the emergence (birth), disappearance (death), 
cale, and prominence of topological features, which in this case 
re independent, closed filamentary loops. Immediately apparent is 
he flattened or rounded apex of the diagram for the lightest haloes
HA), which makes it difficult to pinpoint exact associated birth- 
r death-values. For the lightest haloes the most persistent features 
re born in a small range slightly below ˜ αb ≈ 0 . 5 and die at values
elow ̃  αd ≈ 2 . 0. 
Moving to higher mass haloes leads to a clear sharpening of the

pex, and the concentration of points with high persistence in more 
arrow ranges of ̃  αb and ̃  αd . For the HC halo population, the slightly
ore narrow apex is located at birth-values in the range of ̃  αb � 0 . 5

o 1.0, with death-values around ̃  αb � 2 . 3. 
For the heaviest haloes the characteristic length-scales of the 

rominent filamentary features shifts to even higher densities, with 
he apex now converging into a sharp tip. This occurs at a birth-value
f ̃  αb = 1, and at a death-value of slightly below ̃  αd = 3. 
The changes in the shape of the apex are a clear indication

hat when considering a higher mass class of haloes, on the one
and prominent features traced by those haloes form connections 
t more similar length-scales. On the other hand, the number of
tructures of comparable persistence (i.e. with similar distance to 
he diagonal) decreases, going from a larger number of features (in a
at, plateau-like apex) forming well below the respective clustering 

ength (HA) to much fewer features forming at almost exactly the 
lustering length (HF). 

Naturally, v ery massiv e haloes reside in massiv e filaments. But the
lustering length, as a characteristic probe of the degree of clustering 
and thus mass) of a halo population, together with its relation to the
xistence and location of topological features of high persistence (i.e. 
assive loops of filaments) allows deeper insights. In particular, the 

ifferences in the location of high-persistence features when the halo 
ass changes allow the identification of higher order trends between 

alo mass and the underlying filamentary network. 

imension 2: voids 

he right-hand column of Fig. 6 shows the two-dimensional intensity 
ersistence diagrams for the halo populations HA, HC, and HF. These
iagrams trace the multiscale nature of the void structure as wo v en
y dark matter haloes. 
Whereas the one-dimensional diagrams (tracing the filamentary 

omponents of the halo structure) shown in the left-hand column 
eature three very differently shaped apexes, the shapes of the two- 
imensional diagrams’ ape x es are largely similar to each other. 
hey differ mostly in their exact location, and in their prominence, 
etermined by the number of points they consist of, which is mainly
ue to the significantly varying numbers of haloes in the different
ass classes (see Table 1 ). 
The ape x es e xhibit a clear shift in location, clearer for the one-

imensional diagrams. Regarding the lowest-mass haloes (HA), we 
bserve that the most persisting voids are formed at birth-values 
f ˜ αb = 1 . 5 and filled at ˜ αb = 3 to 4. Interestingly, we observe the
ppearance of a small peak in persistence at values of ( ̃  αb , ̃  αd ) �
0 . 75 , 0 . 75). This likely corresponds to a small collections of low-
ass haloes connecting up to form local voids at very small scales.
o we ver, these do not represent the cosmic vast voids that we are

nterested in quantifying in this study. 
Moving to more massive haloes (HC), we see that the apex has

hifted to higher birth- and death-values. Most of the void formation
ow occurs at a birth-value of ˜ αb � 2, and most of these voids are
lled at values between ̃  αd = 4 to 5. 
For the case of the most massive haloes (HF), most of the void

ormation occurs at a higher birth threshold of ˜ αb � 3. Moreo v er,
hese large voids persist to death thresholds of ˜ αd � 5 . 25. These
opological features correspond to voids of persistence values of 
pproximately π ≈ 15 h −1 Mpc, and indeed seem to be in accordance 
o the spatial distribution of haloes as shown in Fig. 2 . 

.5 Distribution of persistence – lifetime cur v es 

inally, another different perspective for analysing persistence dia- 
rams can be achieved with lifetime curves. These summary curves 
ocus on a different aspect of persistence than the Betti curves,
amely the persistence of a given feature. Each persistence value 
orresponds to a specific difference in birth- and death value, thus
his style of depiction allows to analyse the multiscale nature of the
alo population with a focus on the stability of features and their
istribution. In Fig. 7 , we show the relative prominence of features
ith a specific persistence by normalizing the number of features at
 specific persistence. The left column uses persistence based on the
istance in physical units of h −1 Mpc, whereas in the right column
he unscaled persistence (in units of r 0 , exact value in Table 2 ) is
sed, correcting for clustering according to the two-point correlation 
unction. The rows show the behaviour of a different dimension of
eatures, from top to bottom these are clusters of haloes, filaments,
nd voids. In all panels we focus on the higher ranges of persistence
i.e. longer-lived features above 0.1 h −1 Mpc/0.01 · r 0 ). 

The unscaled persistence curves of the left column immediately 
ighlight that features with higher persistence in all dimensions are 
ore directly associated with heavier haloes, as indicated by the 

harp cut-off increasing to a higher persistence threshold with higher 
alo mass. This both shows the more clustered nature of heavier
aloes, but also their generally lower total number. The difference 
n cut-off is also notably stronger for zero- and one-dimensional 
eatures, and would thus be visible in the halo clusters and the
lamentary structure outlined by the different halo classes. The be- 
aviour of the persistence curves is perceptibly (and unsurprisingly) 
ore similar once we take clustering into account. The sharp cut-offs

ow occur at very similar values slightly abo v e a persistence value
f 1, and in particular the two-dimensional persistence curves start to
xhibit almost self-similar behaviour when rescaled. Ho we ver, some 
eviations between the mass classes of haloes still remain, and the
eneral trend of the unscaled curves is unchanged, with lower mass
aloes having fewer prominent high persistence features. 
To conclude, methods of persistent homology tell us that high 

ersistence features trace the most prominent components, usually 
panned by the most massive haloes. Analysing the persistence of 
he cosmic web is possible on three layers of detail, starting from
MNRAS 529, 4325–4353 (2024) 
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M

Figure 7. Persistence lifetime curves for all halo populations in the P-Millennium. The curves show the fraction of persistence points n d at a specific persistence 
value (as defined in equation 6 ). From top to bottom, we show the curves corresponding to disconnected haloes, filaments, and voids. The left column corresponds 
to the unscaled persistence curves, where α is in physical units of h −1 Mpc, whereas the right column corresponds to the rescaled lifetime curves in units of r 0 
(see Table 2 for exact values of r 0 ). Note that even when we take out the two-point correlation function from the persistence date (by considering the evolution of 
the alpha shape in terms of the scale-independent parameter ̃  α = 

α
r 0 

), the haloes have a slightly different persistence. More remarkably, we see that the filaments 
(middle row) have a much sharper cut-off than the voids (bottom row). This is reflected already in the intensity persistence diagrams (see Fig. 6 ), the voids have 
a more gradual decrease in high persistence features, whereas the filaments have a much more clear break in the most persistent features. 
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Figure 8. Betti curve scaling: dependence Betti mean on P-Millennium halo population. We show the mean μ of the Betti curves (in each respective dimension) 
against the clustering length r 0 (left panel) and the halo bin mass (right panel). We model the behaviour of the Betti curves’ modes depending on the reference 
frame by a natural logarithmic or a linear model (indicated in the legend). 
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Table 3. Topological bias: linear relation between the logarithmic halo mass 
and mean of the rescaled Betti curve ( ̃  μ, first and second rows, see Fig. 8 ), 
and the apex (rescaled birth value ˜ αb , third and fourth rows, see Fig. 9 ). 

a b 

Betti curve ( ̃  μ) Filamentary structure 0.33 ± 0.03 −2.8 ± 0.3 
Void structure 0.48 ± 0.05 −3.6 ± 0.6 

Apex ( ̃  αb ) Filamentary structure 0.15 ± 0.01 −1.0 ± 0.1 
Void structure 0.48 ± 0.06 −3.5 ± 0.7 
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etti curves, the two-dimensional intensity persistence diagrams, 
nd ending with persistence curves. Where before we used these 
ethods to directly investigate the structure found in different mass 

lasses of dark matter haloes, we now focus on the systematic trends
hat were observable. We will quantify these trends and highlight the 
ssociated topological bias. 

.6 Global topology: Betti cur v es 

irst, we quantify the location of the maxima of the Betti curves
see Fig. 5 ) – and thus any displacement and corresponding change 
f the characteristic length-scales it encodes – through its mean, 
hich is a good tracer of the location of the maximum of the curve

i.e. the mode). To obtain the mean we fit a skew normal distribution
O’hagan & Leonard 1976 ; Azzalini 1985 ) to the Betti curves. We use
his distribution to represent Betti curves also in earlier works (see, 
.g. Pranav 2015 ), and in particular to parametrize the evolution of
he cosmic web topology in a � CDM universe (Wilding et al. 2021 ).
t is defined as 

 ( x| ξ, ω, α, c) = 

2 c 

ω 

φ

(
x − ξ

ω 

)
� 

(
α

x − ξ

ω 

)
, (12) 

here the function φ( x ) is the unit variance zero mean normal
robability density distribution defined on the real line, and � ( x ) is its
umulative distribution. The variable x corresponds to the filtration 
alue (e.g. α), ξ is a location parameter, ω a shape parameter, and c
s a normalization constant. The mean μ can be obtained from the 
bo v e fitting parameters through the relation 

= ξ + ω 

2 

π
δ , δ = 

α√ 

1 + α2 
. (13) 
m

n Fig. 8 , we show the influence of the halo mass influences on
he mean of the scaled Betti curve, thus corrected for clustering. To
nvestigate the relation to the halo mass itself, we show the change of
he mean both depending on the clustering length r 0 of a halo mass
lass, as well as the relation to the halo mass itself. Depending on this
eference frame we model the behaviour using either a logarithmic or
 linear function. The parameters of the fits are given in the legend of
ig. 8 . The parameter μ including uncertainties is given in Table 3 . 
In both cases we observe clear trends between the scaled mean and

he mass of a specific halo bin. Haloes in particular mass ranges form
tructures and features with an underlying topology that is not simply
 differently scaled version of haloes with a lower or higher mass.
nstead, we see a distinctly different (topological) character, that is, 
 difference in prominence of one- and two-dimensional topological 
eatures depending on the mass range. This effect is apparent through
he one- and two-dimensional trends differing in their slope, which 
oints to a stronger correlation of halo mass and the two-dimensional
opological features. These structures – haloes in walls that surround 
oids – experience a stronger change when looking at different halo 
asses than the one-dimensional filamentary structures. 
MNRAS 529, 4325–4353 (2024) 
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.7 Multiscale topology: persistence diagrams 

e identify a second topological tracer through the persistence
iagrams by looking at the location of the high-persistence apex. This
e gion characterizes long-liv ed, stable and prominent topological
eatures, and is less prone to influence from short-lived and noisy
eatures. The apex represents a highly rele v ant transition region in
he topology of the halo population. For a sharp and narrow apex, e.g.
isible in the two-dimensional persistence diagrams in Fig. 6 , this
eans the persistent structures are created at similar length-scales,

.e. within a small range of values of αb . The apex thus represents
 meaningful point for the change in the topology of these haloes,
s features formed at both lower and higher values of αb have a
horter persistence. Tracing its location (across different dimensions
nd halo populations) therefore allows to quantify these persisting
tructures themselves. 

For each halo population, we compute αb by averaging over the 25
airs with the highest persistence π = αd − αb . In Fig. 9 , we show the
ependence of the ape x es’ birth value (as a quantifier for the location)
n the mass of the halo bin. The top row uses the unscaled (not
orrected for clustering) location. It indicates the connection length
in (como ving Me gaparsec) at which the most persistent topological

eatures of halo-structure form. The exact behaviour differs for the
imension in question. As expected, the formation of a filamentary
alo structure (one-dimensional, in blue) consistently occurs at a
ower connection length than the formation of a void-like halo-
tructure (two-dimensional, in grey), as the density in filaments is
igher than in voids, and the distances between haloes shorter. When
onsidering the location of the unscaled apex, the trends are well
epresented either by a linear fit when dependent on the clustering
ength (Fig. 9 , top left), or by an exponential fit when dependent on
alo mass (top right). The observed trends are similar to the ones for
he mean of the Betti curves: a higher halo mass (and thus a higher
lustering length) corresponds to a higher birth scale of the apex. The
ffect is again stronger for haloes weaving the void-like structure. 

When we normalize for clustering, the influence of the halo mass
n the detected topology is slightly reduced, but clear trends are still
iscernible (Fig. 9 , bottom row). Where we previously used a linear
nd an exponential model, we now use a logarithmic model for the
elation to the clustering length (bottom left), and a linear model for
he relation to the halo mass (bottom right). In this representation,
he similarity to the mean of the Betti curves as a topological tracer is
articularly clear. Once normalizing second-order clustering, we are
ble to identify structure beyond the two-point correlation function
nd quantify it using topological tracers. 

Focusing on halo mass as a discriminating attribute, we see that
or most halo masses, the filamentary structure is formed through
onnections with a length of below one clustering length (between
.5 and 1 r 0 for HA–HE, and slightly abo v e 1 for HF). We note that
he behaviour of the filamentary structure when expressed through
he location of the apex is different compared to the mean of the Betti
urves, and likely more accurate due to less influence of short-lived
eatures. The void structure forms o v er a wider range of connection
engths, similar to what is apparent from the Betti curves (between
.5 and 3 r 0 ). 

.8 Topological bias: quantitati v e relationships 

o summarize, both topological tracers we introduce abo v e quantify
 topological bias we observe in the correlation between the mass
f dark matter haloes and their geometrical environment. This
orrelation can be identified through the influence that a change
NRAS 529, 4325–4353 (2024) 
n the mass of the haloes used to sample the cosmic web has
n the persistent, multiscale structure. The persistent structure is
epresented through persistent diagrams, in which we also pick up
ny change to topological build-up (e.g. in the connectivity) caused
y a different sampling of the cosmic web. For a structure that features
nly second-order clustering, i.e. that is completely characterized by
ts two-point correlation function, but where clustering length still
hanges with the mass class, rescaling with the clustering length
ill remo v e an y mass dependence of clustering. In this case, we
ould also not expect to pick up any change of the topological

haracteristics, i.e. we would expect a constant relation for the all
urves shown in Figs 8 and 9 . 

Since we do pick up clear trends, the clustering that is intrinsic
o the halo distribution is different not only between different mass
lasses, but also exhibits distinct higher orders of clustering. The
ppearance of these higher orders of clustering is of course not sur-
rising – quite the contrary. Ho we ver, the use of topological methods
ffers a no v el approach at quantifying the complex clustering within
he large-scale structure, different from using, for example, the three-
r four-point correlation function. Instead of adding more points
hich can correlate, we include the rich topological information

o determine the relation between the nature of clustering and an
ntrinsic structural dimension of the features under investigation.
his allows us to observe that the mass has not the same influence on
ne-dimensional topological features (filamentary loops) as on two-
imensional features (voids). Instead we observe that the change in
opology is stronger (the slope in Figs 8 and 9 is higher) for the
atter – the mass of a dark matter halo has a larger influence on its
mbedding in the void structure. Haloes of low to medium mass are
ore evenly distributed in the filamentary structure irrespective of

he prominence (persistence) of features, whereas heavy haloes are
ound stronger to prominent features in the void structure. 

 SUMMARY  A N D  C O N C L U S I O N S  

his study investigates the multiscale topology of the spatial web-
ike pattern of the cosmic web, in an � CDM cosmological context,
s traced by the population of dark matter haloes. This involves the
uestion in how far the filaments and voids seen in the halo and galaxy
istribution is representative for those present in the underlying dark
atter web-like network. 
Betti numbers quantify the number and prominence of voids,

laments and tunnels, and supercluster comple x es in the matter
istribution, and reflect the connectivity of these topological features.
he multiscale structure and connectivity of the various topological

eatures is studied by means of persistence, in which one follows
he scale at which individual topological features emerge, and the
cale at which such features disappear as they merge with other
eatures. The systematic inventory of these events, in the form of
he different dimensional persistence diagrams, offers a direct view
n the multiscale nature of the cosmic mass distribution, its various
orphological constituents and the nature of the hierarchical build-

p of structure in the Universe. 
In a range of previous publications we developed the use of

omology and persistence to the analysis of the primordial matter
istribution and the cosmic web (Van de Weygaert et al. 2011 ; Pranav
t al. 2017 ; Feldbrugge et al. 2019 ; Wilding et al. 2021 ). In Wilding
t al. ( 2021 ) we followed the topological evolution of the cosmic
eb in � CDM simulations, and established the close link between

opological structure and key transitions in the cosmic structure
ormation process. The study provides a rich representation of the
ntricate and complex nature of the multiscale web-like network in
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Figure 9. Apex of the intensity persistence diagrams in the P-Millennium. Here, the apex of the triangle-like shape in the intensity persistence diagrams (as 
shown in Fig. 5 ), characterized through its birth value, is plotted as a function of the clustering length of each halo populations (left column), as well as the 
bin mass (right column). We show the unscaled apex in the top row and the scaled apex in the bottom row. The birth value αb of the apex represents a turning 
point in the topology of different halo populations, both for filaments (dimension 1) and voids (dimension 2). Depending on the reference frame, we use linear, 
logarithmic, or power-law models (indicated in the legend) as bases to determine fitting parameters. 
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hich dark matter has organized itself as a result of the gravitational
volution of the primordial density and velocity field. 

Here, we investigate the systematic dependence of the topology of 
he corresponding spatial halo distribution on the intrinsic properties 
f the haloes, specifically that of the mass of the haloes. The intention
s to explore in how far the discrete sparse sample of haloes, and
mplicitly that of observed galaxies in galaxy surv e ys, reflects the
ntricate web-like structural pattern of the underlying dark matter 
istribution. In other words, in how far the topological structure 
ound in the halo or galaxy population represents that of the dark
atter distribution, and in how far it is significantly different. The 

resented topological analysis addresses the homology of the dark 
1
alo distribution in terms of the Betti numbers as a function of spatial
cale, and of the corresponding persistence characteristics. 

.1 Halo sample 

he population of dark haloes in this study stems from the Planck-
illennium (Baugh et al. 2019 ) (also see Ganeshaiah Veena et al.

 2018 )), a state-of-the-art dark matter particle simulation in a periodic
ox of side length 542.16 h −1 Mpc. In this study, we consider haloes
ith masses in excess of 3.2 × 10 10 h −1 M �, involving a sample of
.13 × 10 7 haloes. 
MNRAS 529, 4325–4353 (2024) 
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To assess the halo mass dependence of the topology and persis-
ence of the P-Millennium halo sample, we extract six mass-defined
alo subsamples. The subsample with the lowest mass haloes is that
f haloes with mass between 10 10.5 − 10 11 h −1 M �, the one with
he highest mass haloes comprises haloes in the mass range 10 13.0 

10 13.5 h −1 M �. For each of the subsamples, we carry out a full
omputational Betti number and persistent homology analysis. 

.2 Alpha shapes 

 key aspect of our homology analysis is that we study the discrete
patial halo distribution directly as a function of spatial scale , trans-
ating into a computational scheme based on alpha shapes (Edels-
runner, Kirkpatrick & Seidel 1983 ; Edelsbrunner & M ̈ucke 1994 ).
hese simplicial complexes – consisting of cells, faces, edges and ver-

ices – are subsets of the Delaunay tessellation defined by the scale α.
The principal purpose of our study is to assess the structural scale

ependence of (super)clusters, filaments and their associated tunnels,
nd voids. While most previous topology studies involved the dark
atter density field , to a v oid the intermediate step of inferring the

orresponding density field we work directly via the distance field
efined by the halo samples. For a discrete point sample it is in fact
ost efficient to base the computational analysis on a simplicial com-

lex that is topologically equi v alent to the corresponding continuous
istance field (see, e.g. Edelsbrunner & Harer 2010 ; Boissonnat,
hazal & yvinec 2018 ; Carlsson & Vejdemo-Johansson 2021 ). To

his end we invoke the Delaunay tessellation generated by the spatial
alo distribution (Delaunay 1934 ; Van de Weygaert 1994 ; Okabe
t al. 2000 ) to offer a discrete representation of the distance field. 

Probing the full multiscale topology of the halo distribution
nvolves the study of all individual changes in topology o v er an
ntire range of spatial scales. It naturally leads to the concept of
istance field filtrations , and within its simplicial representation to
hat of alpha shapes . The filtration of a field is a subset of the
eld (manifold) that obeys a specific condition: usually it is the
uperlevel or sublevel set defined by a certain threshold. Applied
o the Delaunay tessellation, the α shape is a simplicial filtration
efined by a scale α, whose simplicial elements are the Delaunay
implices that represent connections up to the distance threshold α.
hanges in the topology occur when larger Delaunay simplices get

ncorporated as the distance threshold increases. 

.3 Topology of the halo-sampled cosmic web 

he topological analysis of the six mass-based halo samples reveals
 clear mass dependence. For all three Betti number curves β0 ( α),
1 ( α), and β2 ( α) we find a stark and systematic difference between

he different halo samples. As the halo mass increases, we see the
etti curves become broader and extend out to larger scales α.
e also see that the amplitude of the β1 and β2 curves decrease

ystematically as the halo mass increases. 
The systematic shift in characteristic topological scale is a direct

onsequence of the spatial structures delineated by the haloes in the
orresponding mass range. The higher mass haloes delineate voids
nd filaments of a larger scale than those traced by the lower mass
aloes. The characteristic scale of filaments shifts from around 2 for
he lowest halo mass range to around 10 h −1 Mpc for the highest mass
aloes. Voids delineated by the halo distrib ution ha ve a spatial scale
hat is roughly twice as large, ranging from 4 for the low halo mass
ange to 20 h −1 Mpc for the high-mass haloes. The increasing size
f the filaments and voids goes along with a lowering of their total
NRAS 529, 4325–4353 (2024) 
umber. In other words, high-mass haloes trace the fewer and larger
pecimen of these structural features. 

This is, as expected, also mirrored in similar scale shifts in the
ersistence diagrams. Overall, the topological features traced by
igh-mass haloes are born and disappear at larger scales. Particularly
utstanding are the persisting features in the diagrams. The apex in
he β0 diagrams, the sharp maximum that marks the scale at which
he most dominant voids emerge, also sees a similar shift to larger
cales as the halo mass increases. The immediate implication is that
ost voids in higher halo mass samples emerge at systematically

arger scales. 

.4 Sampling and clustering 

he fact that the higher mass haloes only trace larger filaments and
oids, while missing out on the smaller and more tenuous ones, is
ot unexpected. 
One factor is that of the lower abundance of higher mass haloes.

s a result of the larger mean halo distance of the high-mass sample,
hey are not able to trace small filaments and voids. In other words,
he high-mass halo samples offer a sparser and more diluted view of
he o v erall structure. A physically more significant effect is that of
he clustering of the various halo samples. It is known that higher

ass haloes are intrinsically more strongly clustered (Kaiser 1984 ).
he stronger clustering translates into a more clumpy distribution.
y default, this will entail a pattern marked by large-scale features,

uch as larger underdense regions and hence larger voids. 
To first approximation, the strength and scale of clustering is

ncapsulated in the second-order – two-point – correlation function.
o we v er, comple x structural patterns such as those seen in the cosmic
eb and which here we seek to describe topologically entail higher
rder contributions. Given our interest in significant differences in
he intrinsic topology of the web-like patterns traced by the different
alo samples, we therefore need to compensate for the clumpiness
nd scale dependence implied by the two-point correlation function
f the halo samples. 
The two-point correlation functions of the halo samples are simple

o wer-laws, whose sole dif ference is that of the specified amplitude
n terms of the clustering length r 0 . Hence, to remo v e the effect of the
ifferences in two-point correlation functions between the different
alo samples we renormalize the scales α in each halo sample by the
orresponding clustering length, ˜ α = α/r 0 . 

A major asset of the rescaling is that it enables the comparison
n an equal footing of the spatial patterns outlined by the halo
opulations. Differences in rescaled spatial structure are manifes-
ations of the presence of higher order correlations: the two-point
orrelation function does not entail any phase correlations and is
herefore insensitive to the presence of complex spatial patterns in
he distribution of haloes (Coles & Chiang 2000 ; Coles 2009 ). It is
he rich topological language of (persistent) homology that offers a
isually and physically accessible characterization of these higher
rder influences. 

.5 Topological bias: definition 

he major finding of our analysis is that stark and systematic
ass dependent differences in topological structure remain between

he renormalized halo samples. If an ything, the y are even more
utstanding, following strict linear relations between topological
uantities and (logarithmic) halo mass. The significant implication is
hat the web-like patterns and structures, such as filaments and voids,
robed by haloes of different mass differ fundamentally. 
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For the rescaled halo samples, we observe that the Betti number 
urves β0 ( ̃  α) , β1 ( ̃  α) , and β2 ( ̃  α) (see Fig. 5 ) systematically shift
owards higher (renormalized) scales as a function of halo mass: 

(i) Light haloes, less than 10 12 M �, arrange themselves along 
lamentary structure on scales less than the clustering length. 
(ii) Higher mass haloes trace filaments on scales larger than r 0 . 

his also holds for voids, for haloes o v er the entire mass range. 
(iii) Ho we ver, the rescaled Betti curves hardly broaden, while 

he amplitude of the β1 ( ̃  α) curves for filaments and tunnels only
ecreases slightly, and remains roughly similar for the void β2 ( ̃  α)
urves. 

(iv) Hence, in terms or renormalized scale: with increasing halo 
ass we hardly see a change in the number of voids, along with a
oderate decrease in the number of filaments. 

The strong nature of the systematic topological differences be- 
ween filaments and voids traced by low-mass haloes and those traced 
y high-mass haloes is underlined by unequivocal linear quantitative 
rends (see Figs 8 and 9 ). We observe a linear relation depending on
he logarithmic halo mass: 

(i) The mean (renormalized) spatial scale of the Betti curves, 
arking the average scale of the corresponding topological features. 
(ii) The (renormalized) spatial scale at the apex of the persistence 

iagrams for d = 1 (filaments) and d = 2 (voids). The apex of
he persistence diagram marks the emergence (birth) of topological 
eatures, and encodes the hierarchical evolution that produced these. 

(iii) The proportionality factor a of the linear relations for one- and 
wo-dimensional topological features differs: the relation is steeper 
or the d = 2 situation of voids as compared to that for the d = 1
ituation for filaments and tunnels. 

These observ ations re veal the fundamental nature of the changing 
opological character of the spatial halo distributions. The immediate 
mplication is that filaments and voids traced by haloes of different 

ass are fundamentally dif ferent, they dif fer in their topological 
haracter. Moreo v er, the dependence on halo mass in tracing the
oid population and their structure appears to be stronger than that 
or filaments. 

The fact that the higher order structure of the cosmic web depends
o strongly on the tracing halo population, and that this finds its
xpression in strong linear relationships of topological quantities 
ith the (logarithmic) halo mass, may be indicated as topological 
ias . It means that haloes of different mass trace environments 
ith different topological signature. It relates to a no v el kind of
alo bias, not related to second-order clustering nor directly to the 
nderlying matter density but to the topological features in which 
hey are located. Moreover, it affects more strongly the voids than 
he filaments in the cosmic web. 

.6 Topological bias: implications 

opological bias specifies that filaments and voids fundamentally 
iffer when seen in the spatial distribution of different populations of
aloes and galaxies. It is a manifestation of fundamental differences 
etween the landscapes of filaments, tunnels, walls, and voids that 
onstitute the structural elements of the cosmic web. 

Overall, we may understand topological bias as the origin of the 
undamental differences in structure between the filament and void 
opulation traced by high-mass versus low-mass haloes. Low-mass 
aloes also populate the more tenuous structures in the cosmic mass
istribution. Reflecting their hierarchical build-up, the filamentary 
etwork of the cosmic web branches into smaller tendrils (see e.g. 
autun et al. 2014 ). The substructure of voids – the void hier arc hy
is the result of an even more complex hierarchical history (see e.g.
ubinski et al. 1993 ; Sheth & van de Weygaert 2004 ; Aragon-Calvo
 Szalay 2013 ). While the low-mass haloes manage to outline the
ner features of the hierarchically evolved cosmic web, high-mass 
aloes tend to e xclusiv ely concentrate along the largest structures in
he cosmic web. A closer investigation of the origin and evolution
f topological bias would shed light on the possible relation to other
spects of halo and galaxy bias, amongst which that of assembly
ias (Gao, Springel & White 2005 ; Wechsler et al. 2006 ; Dalal et al.
008 ; Mao, Zentner & Wechsler 2018 ). 
As a result, low-mass haloes succeed in delineating the topological 

ne structure of the cosmic web. Evidently, the observational compli- 
ation of finding low-mass haloes and low-luminosity galaxies will 
emain a major challenge in the ability to study in the observational
eality the full richness of the topological structure of the cosmic
eb and topological bias. 
Topological bias will impact on a wide range of cosmologically 

nteresting aspects of the cosmic web. It will influence the outcome
f studies of the filament population (Jones, van de Weygaert &
rag ́on-Calvo 2010 ; Tempel et al. 2014 ; Libeskind et al. 2018 ), and

heir use to infer intrinsic alignments between the spin of galaxies –
nd other galaxy properties – and the harbouring filaments (see e.g. 
orciani, Dekel & Hoffman 2002a , b ; Arag ́on-Calvo et al. 2007b ;
ch ̈afer 2009 ; Jones, van de Weygaert & Arag ́on-Calvo 2010 ; Codis
t al. 2012 ; Tempel & Libeskind 2013 ; Alpaslan et al. 2014a ; Jarrett
t al. 2017 ; Ganeshaiah Veena et al. 2018 , 2021 ; Kraljic et al. 2018 ;
elker et al. 2020 ). It affects even more strongly the voids outlined

y haloes, and should be taken into account when seeking to derive
he size distribution of cosmic voids, and use these as a measure
f the underlying cosmology (see e.g. Sheth & van de Weygaert 
004 ; Platen, van de Weygaert & Jones 2008 ; Van de Weygaert &
ond 2008 ; Alpaslan et al. 2014b ; Pisani et al. 2015 , 2019 ; Van de
eygaert 2016 ; Verza et al. 2019 ). 
In conclusion, the implications of the existence of topological bias 

ill be particularly important for the analysis and interpretation of 
he spatial galaxy distribution in galaxy redshift surv e ys. This is
rue for existing surveys, such as 2dFGRS, SDSS, GAMA, 2MASS, 
nd VIPERS (Colless et al. 2003 ; Tegmark et al. 2004 ; Driver
t al. 2009 ; Huchra et al. 2012 ; Guzzo & VIPERS Team 2013 )
s well as for the upcoming major surv e ys that will map the cosmic
eb in unprecedented detail, such as DESI, Euclid, the Vera Rubin

elescope, and SKA related surv e ys. 
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PPENDIX  A :  SIMPLICIAL  COMPLEXES:  
O RO N O I  A N D  D E L AU NAY  TESSELLATIONS  

his study focuses on the multiscale topology – persistent homology
of the halo distribution in the P-Millennium simulation. Given the

iscrete nature of the spatial halo distribution, we opt for a direct
omputation of the multiscale topology of the corresponding point
istribution. This is accomplished on the basis of the Delaunay tes-
ellation (Delaunay 1934 ; Okabe et al. 2000 ; Edelsbrunner & Harer
010 ) generated by the point distribution. The Delaunay tessellation
s a simplicial complex that is optimally sensitive to tw o k ey aspects
f the cosmic web: the multiscale nature of the structure probed
y the point distribution and its anisotropic morphology/geometry,
n particular that of the prominent filamentary network and the
onnected flattened walls (see Van de Weygaert & Schaap 2009 ). 

For the assessment of the multiscale topological structure of
he cosmic web we need to invoke a well-defined scale-based
ltration of the simplicial complex that represent the spatial structure
f the point distribution. This leads directly to a key concept
n computational topology and geometry, known as alpha shapes
Edelsbrunner, Kirkpatrick & Seidel 1983 ; Edelsbrunner & M ̈ucke
994 ; Edelsbrunner & Harer 2010 ). Uniquely defined for a particular
oint set P by the scale parameter α, alpha shapes correspond to a
nique assembly of simplicial (geometric) structures that capture the
hape and morphology of the point distribution. 

This appendix provides definitions, details and illustrations of the
elated concepts from computational geometry and topology. Via
llustrations of the three-dimensional alpha shapes of the web-like
istribution of haloes in cosmological simulation, we demonstrate the
eticulous means by which alpha shapes are probing the topological

ature of complex spatial patterns. 

1 Simplicial complex 

 simplicial complex is an ordered geometric assembly of faces,
dges, nodes, and cells that mark a discrete spatial map of the volume
ontaining a point set (Edelsbrunner & Harer 2010 ; Pranav et al.
017 ). The geometric components of the complex are simplices of
ifferent dimensions: a cell is a three-dimensional simplex, a face or
 all a tw o-dimensional simple x, an edge a one-dimensional simple x

nd a node a zero-dimensional simplex. A good impression of a two-
imensional simplicial complex can be obtained from Fig. 1 , showing
 slice through the Delaunay tessellation defined by the spatial halo
istribution in the P-Millennium simulation, and a range of its alpha
hape filtrations (see Appendix B ). Zero-, one- and two-dimensional
implices are visible: they correspond to the vertices and edges of
he particle distribution’s tessellation. 
NRAS 529, 4325–4353 (2024) 
Of key importance for our study is that when the simplicial
omplex is defined on the basis of a generating point set P , when the
omple x is volume-co v ering and reflecting the number density and
eometry of P , the lengths of the edges in the complex represent a
ampling of the corresponding distance field. We will exploit this with
espect to the Voronoi and Delaunay tessellation of the point samples
escribed in this study (Voronoi 1908 ; Delaunay 1934 ; Okabe et al.
000 ). 

2 Delaunay and Voronoi tessellations 

he first step of the computational procedure to analyse the halo
opology is the simplicial representation of the halo distribution sam-
les. The simplicial complex should represent the spatial character-
stics of the point distribution. To optimally represent the multiscale
ature of the spatial point distributions, as well as its organization into
 network of anisotropic filamentary and flattened features, we invoke
heir Voronoi and Delaunay tessellations (Voronoi 1908 ; Delaunay
934 ; Icke & van de Weygaert 1987 ; Van de Weygaert 1994 ). Of
rucial importance is also that the Delaunay tessellation facilitates the
efinition of a transparent and uniquely defined simplicial filtration ,
hat of the alpha shapes (Edelsbrunner, Kirkpatrick & Seidel 1983 ;
delsbrunner & M ̈ucke 1994 ; Edelsbrunner & Harer 2010 ) (see
ppendix B ). 
The Delaunay and Voronoi tessellation are amongst the most well-

nown concepts in computational and stochastic geometry, uniquely
efined for a spatial point distribution P (see Appendix A2 for the
etailed definition). Delaunay and Voronoi tessellations have a range
f properties that make them ideally suited for studies of the cosmic
eb in galaxy surv e ys and computer simulations (see eg. Icke & van
e Weygaert 1987 ; Van de Weygaert 1991 , 1994 ; Okabe et al. 2000 ;
an de Weygaert & Schaap 2009 ; Edelsbrunner & Harer 2010 ). 

2.1 Geometric definition 

he Voronoi tessellation (Voronoi 1908 ) and Delaunay tessellation
Delaunay 1934 ) are amongst the most well-known simplicial com-
le x es (see Okabe et al. 2000 , for an e xtensiv e o v erview). The y are
niquely and fully defined by a given spatial point distribution (i.e.
or a generic non-degenerate point set). The Voronoi tessellation
( P ) of a point set P divides up space into polyhedral cells (3D) or
olygonal cells (2D). Each cell V p allocates the part of space that is
loser to a given point p than to any of the other points in the (finite)
oint sample P ⊆ R 

3 . Formally, the Voronoi cell V p of point p is
efined as: 

 p = 

{
x ∈ R 

3 | || x − p|| ≤ || x − q|| , ∀ q ∈ P 

}
. (A1) 

he Delaunay tessellation is the dual of the Voronoi tessellation , and
he calculation of one of these tessellations immediately yields its
ual. The Delaunay tessellation is the volume-filling triangulation
onsisting of (three-dimensional) tetrahedra whose four vertices are
oints of the sample P whose circumscribing sphere does not contain
ny of the other points. In the two-dimensional situation this concerns
riangles, defined by three points whose circumscribing circle does
ot contain any other points of the sample P . Each v erte x in the
elaunay tessellation is a nucleus of a Voronoi cell. The edges

onnect two sample points that share a common face in the Voronoi
essellation, constituting natural neighbour s . Also, the edg es of a
oronoi polyhedron pass through centroids of the triangular faces of a
elaunay tetrahedron, while the centroid of the Delaunay tetrahedron

s one of the vertices of the polyhedral Voronoi cell. 
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There is a vast mathematical and computational literature on 
hese volume-co v ering tessellations, and the y know a wide range
f applications in science and engineering. Many of the rele v ant
spects are treated in the volume by Okabe et al. ( 2000 ). 

2.2 Tessellations and the cosmic web: Sensitivity to multiscale and 
nisotropic morphology 

 detailed assessment of the sensitivity of Voronoi and Delaunay 
essellations to the nature of the generating point distribution (Schaap 
007 ; Van de Weygaert & Schaap 2009 ) revealed that they impres-
i vely follo w the fundamental structural properties of the cosmic 
eb. Voronoi cells are highly sensitive to the local number density 
f the point distribution (see Van de Weygaert 1991 , 1994 ; Schaap
 van de We ygaert 2000 ; Ne yrinck, Gnedin & Hamilton 2005 ; Van

e Weygaert & Schaap 2009 ). The dual of the Voronoi tessellation,
he Delaunay tessellation, shares these properties to an even stronger 
xtent. 

The fully self-adaptive DTFE procedure exploits these properties 
Schaap & van de Weygaert 2000 ; Schaap 2007 ; Van de Weygaert
 Schaap 2009 ; Cautun & van de Weygaert 2011 ). It delivers an

mpressively accurate reconstruction of the spatial structure of the 
ensity field traced by the points sample. It uses the Voronoi cell
olumes to obtain an estimate of the local density at each sample
oint, and subsequently uses the Delaunay cells to define a first-
rder estimate of the density field throughout the sample volume. The 
mpressive ability of DTFE to recover the details of the multiscale 
ature and anisotropic geometry of the cosmic web reflects the fact 
hat the simplicial composition of the Delaunay tessellation itself is 
ighly sensitive to these properties. A telling visual demonstration of 
his is shown in the Delaunay tessellation in and around a filament in
 cosmological simulation, illustrated in fig. 17 in Van de Weygaert &
chaap ( 2009 ). A careful assessment of the properties of DTFE, the
elaunay Tessellation Field Estimator, revealed that it manages to 

race accurately key characteristics of the structure of the cosmic web 
Van de Weygaert & Schaap 2009 ). To a considerable precision it fol-
ows the multiscale nature of the mass distribution sampled by a point
istribution. DTFE manages to do so to the extent that it even repro-
uces the fractal nature of a point distribution organized in a nested
equence of ever denser point clumps. Equally important is that 
TFE manages to reproduce accurately the shape of the local point 
istribution, and hence manages to retain the planar geometry of wall- 
ike distributions and the elongated nature of points organized along 
laments. In addition, it yields the corresponding volume-co v ering 
olume-weighted velocity field traced by the points (Bernardeau & 

an de Weygaert 1996 ; Romano-D ́ıaz & van de Weygaert 2007 ). 

PPENDIX  B:  A L P H A  SHAPES  

he self-adaptive nature of Delaunay tessellations with respect to 
ocal density and shape of a spatial point distribution assures that the
ey characteristics of the cosmic web are retained. This also concerns 
ll information on the topology of the structure traced by the sample
oints. It naturally leads to the concept of the scale-based filtration 
f a Delaunay tessellation, defining simplicial comple x es known as
lpha shapes . These form the basis for a well-defined framework 
or the analysis of the multiscale geometric and topological nature 
f the spatial mass distribution sampled by the sample points 
Edelsbrunner, Kirkpatrick & Seidel 1983 ; Edelsbrunner & M ̈ucke 
994 ; Edelsbrunner & Harer 2010 ). 
Alpha shapes are a well-known concept in Computational Geom- 

try and Computational Topology (Dey, Edelsbrunner & Guha 1999 ; 
omorodian & Carlsson 2005 ; Rote & Vegter 2006 ; Edelsbrunner
 Harer 2010 ). They were introduced by Edelsbrunner and col-

aborators (Edelsbrunner, Kirkpatrick & Seidel 1983 ; Edelsbrunner 
 M ̈ucke 1994 ). They involve a generalization of the convex hull

f a point set and are concrete geometric objects that are uniquely
efined for a particular point set on a scale parametrized by the
cale parameter α. They have found a wide array of scientific and
ngineering applications, including pattern recognition, digital shape 
ampling and processing, and structural molecular biology (e.g. 
iang et al. 1998a , b ). F or e xample, in the latter they have been
sed in the characterization of the topology and structure of macro-
olecules. They were also central in our earliest studies of Betti

umber characteristics and persistent topology of the cosmic mass 
istribution and the cosmic web (Eldering 2005 ; Van de Weygaert 
t al. 2010 , 2011 ). 

1 Alpha shapes: definition 

lpha shapes form the core of a well-defined framework for the
nalysis of the multiscale geometric and topological nature of the 
patial mass distribution traced by the sample points (Edelsbrunner, 
irkpatrick & Seidel 1983 ; Edelsbrunner & M ̈ucke 1994 ; Edels-
runner & Harer 2010 ). A visual impression of a two-dimensional
lpha shape filtration – for a distribution of haloes – is provided 
y Fig. 1 . Where for α = 0 (top left) we only observe the points
ithout any connections, this quickly changes when we increase α

o 3 or 6 h −1 Mpc (top centre and right) and see the emergence of a
onnected network. The illustration also elucidates the link between 
lpha shapes and the homology of a point distribution. For example,
e see that tunnels are formed when, at a certain value of α, an edge

s added between two vertices that were already connected. 
Rigorously defined in terms of the scale factors α, alpha shapes

re subsets of Delaunay tessellations that represent a scale-based 
ltration of the distance field. The Delaunay tessellation filtration 
y means of alpha shapes proceeds as follows. Centred around each
enerating sample point, i.e. around each v erte x of the Delaunay
essellation, a sphere of radius α is drawn. Subsequently we identify 
he simplices of the corresponding Voronoi tessellation – the dual of 
he Delaunay tessellation – that are located within or intersect with 
he alpha sphere union. The alpha complex consists of all Delaunay
implices that record (are dual to) these Voronoi simplices. The 
lpha shape for that specific value of α is the union of simplices in
he alpha comple x. F or telling e xplanatory figures we refer to works
y Edelsbrunner & Harer ( 2010 ) and Van de Weygaert et al. ( 2011 ).

2 Alpha shapes: Delaunay filtrations and persistent topology 

he ordered set of alpha shapes constitute a distance filtration of the
elaunay simplicial complex D 

 = D 0 ⊆ D 1 ⊆ D 2 ⊆ ... ⊆ D m 

= D. (B1) 

he alpha shapes D k are hierarchical subsets of D that geometrically
ncode the change in topology throughout the simulation box, and 
onstitute the alpha complex . Important is that they are homotopy
qui v alent to the distance field. It means that the topology of the
lpha shape simplicial complex is topologically entirely equi v alent 
o the continuous distance field (Van de Weygaert et al. 2011 ). 

Instead of studying the topology at a single length-scale, alpha 
hape topology probes the topology of the distance field along its
et of filtrations along the varying length-scale α. The topological 
nformation in the simplicial alpha complex is extracted by assessing 
he connectivity of the various simplicial components. By following 
MNRAS 529, 4325–4353 (2024) 
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ow the connections between points and simplices – within the
etting of the corresponding Voronoi and Delaunay tessellation –
epend on the scale parameter α we arrive at a natural description and
igorous definition of the multiscale topology. As the filtration length-
cale α increases, the sample point distribution proceeds through a
rocess in which we see a growing number of Delaunay simplices
etting connected as they get embedded in the corresponding alpha
omplex. The increasing filtration length involves a continuously
hanging population of different separate simplicial comple x es and
he corresponding structural entities they represent. 

Proceeding through the entire value range of the scale parameter
, we may follow the creation and destruction of the individual topo-

ogical features. As new structures emerge, existing structures merge
nd other structures get annihilated, the number of (super)clusters
f haloes, filaments and voids will continuously change. To obtain
nsight into the connection between the growing simplicial (alpha
hape) complex and the topology of the spatial structure, it is
llustrative to consider what happens as more points get added while
he simplicial complex grows (see Van de Weygaert et al. 2011 ).
ycling through the simplices of the alpha complex, we encounter

he following sequence. When a point is added to the alpha complex,
 new component is created: the zeroth Betti number β0 is increased
y 1. In this study, the alpha complex starts out with all haloes added
t α = 0, and each component corresponds to an individual halo.
hen adding edges between pairs of points, the components become

super)cluster of haloes. The process of adding edges between points
an have two outcomes. Either both points belong to the same, or
o different components of the current comple x. When the y belong
o the same component, the edge creates a new tunnel, increasing
he one-dimensional Betti number by 1. The creation of a filament
orresponds to the creation of a tunnel. When the edge connects two
ifferent components, two (super)clusters merge and β0 decreases
y 1. When a triangle gets added, it may complete the enclosure of a
oid or it may close a tunnel. In the first case, a new void is created
nd β2 increases by 1. In the latter case, β1 is decreased by 1 as the
umber of tunnels and corresponding filaments decreases. Finally,
hen a tetrahedron is added, a void is filled. This means that the

wo-dimensional Betti number β2 is lowered by 1. 
By assessing the value of α at which a feature is created, the birth

alue αb , and the value at which a feature is destroyed, the death
alue αd , we follow the existence of (super)cluster complexes, of
lamentary features and of enclosed voids (see, e.g. Wilding et al.
021 ). The difference between the creation and the destruction value, 

: = αd − αb (B2) 

enotes the persistence π of a topological feature. By plotting the
alues of αd versus αb for all topological features present in a spatial
oint distribution, for each dimension d = 0, 1, . . . , D , a highly
etailed and idiosyncratic depiction of the topological structure is
btained. These persistence diagrams not only quantify the topology
n terms of a few summarizing parameters, but in terms of diagrams
hat contain information on every individual topological feature
resent in the sample point distribution. 
Analogously, we can compute the Betti numbers ( β0 , β1 , and β2 )

f the distance field as a function of the length-scale α. The resulting
etti curves (i.e. the Betti numbers for all scales) provide an overview
n the complete structure of critical points, and on how the global
opology differs for varying scales. While Betti curves inform us
f the o v erall topology (since they measure the total number of
opological features as a function of α), persistence diagrams allow
s to precisely track at what length-scales each of these topological
eatures is formed and for how long they persist . 
NRAS 529, 4325–4353 (2024) 
3 Alpha shapes illustrated 

he full potential and richness of the topological information
ontained in alpha comple x es may be appreciated from the three-
imensional situation. Figs. B1 and B2 provide illustrations of the
lpha shapes in a 30 h −1 Mpc thick slice through the P-Millennium
imulation, for three different values of α. 

Fig. B1 shows the alpha shapes in slices through the P -Millennium
imulations. They are slices with the full width of 542.16 h −1 Mpc
f the simulation box, at three different values of the average halo–
alo distance (one-third, one-half, and two-thirds). Fig. B2 provides
 supplementary view of the simplicial structure, including an
dditional slice at α = 0.6 (a quarter of average halo–halo distance).
long with the full slices, the right-hand column shows zoom-ins of
00 h −1 Mpc width. The zoom-in region is indicated in the full slices
n the left-hand column. 

Alpha shapes trace the intricate multiscale structure, diverse
orphological features and their mutual connections of points in
 web-like network. From the figures we may appreciate the natural
eans by which alpha shapes follow the multiscale nature and

opological structure of the cosmic web (for reference also see fig.
 in Van de Weygaert et al. 2011 ). The figures show the emergence
f the cosmic web as traced by dark matter haloes. For small values
f α (see the top row of Fig. B2 ) the structure consists of largely
isconnected clusters of haloes and their filamentary extensions.
hereas the o v erall arrangement of clusters amidst filamentary and
 all-lik e extensions is clear, these ‘supercluster’ complexes still

ppear to be mostly singular, isolated features. They are separated by
arge underdense regions, in which tenuous largely elongated features
re visible. These are the denser parts of large-scale filamentary
ridges and tendrils. Only at higher values of α we see that the high-
ensity supercluster islands start to get connected via filamentary
ridges, connections that become stronger, more elaborate and more
tructured as more and more features get connected in an emerging
erv asi ve network. It is in particular the central panel of Fig. B1 that
ffers the most detailed view of the intricacies of the fully connected
patial network. At even higher values of α the lower density areas
tart to fill in the cavities in the spatial network. This yields the reverse
mpression of the structure at lower α values: it is the underdense void
egions that turn into ever more isolated and encapsulated cavities.
he third panel of Fig. B1 depicts this phase of the alpha complex. 
The zoom-in panels of Fig. B2 are centred around a low-density

oid region. It provides a telling illustration of the substructure of
oids and of the signature of the corresponding multiscale topology in
he alpha complex. An almost empty region at the lowest α value, gets
radually structured towards higher α values. At first this concerns
solated clumps, which towards the higher α values get connected
n elongated features (third panel). Ultimately, towards the highest

values, these features enclose small subvoids of the initially large
oid (fourth panel). In short, the four zoom-in panels of Fig. B2
rovide visually compelling evidence for the ability of alpha shapes
o probe the detailed and intricate multiscale structure of the cosmic
eb and its components. 
Translated into the corresponding Betti number signature, the first

anel of Fig. B1 is marked by the dominance of β0 , while the central
anel corresponds to high values of β1 and a diminished β0 signature
ue to the merging of supercluster islands into the cosmic web. The
hird panel has a dominant β2 signature, as a result of the increasing
bundance of fully enclosed void cavities, while the emergence of
heir w all-lik e boundaries implies a substantial decrease of β1 due
o the disappearance of filament-related tunnels in the corresponding
lpha shapes. 
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Figure B1. Three-dimensional alpha shapes. From top to bottom, we show the three-dimensional alpha shapes of a slice of the full halo distribution for α ≈
0.8, 1.2, and 1.6 h −1 Mpc (corresponding to one-third, one-half, and two-thirds of the average halo–halo distance). 
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M

Figure B2. Three-dimensional alpha shapes. From top to bottom, we show the three-dimensional alpha shapes of a slice of the full halo distribution for α ≈ 0.6, 
0.8, 1.2, and 1.6 h −1 Mpc (with the additional top slice corresponding to a quarter of the average halo–halo distance). The right-hand column shows a zoom-in 
of roughly 100 h −1 Mpc width, which is marked by a red rectangle in the corresponding left-hand panel. 
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PPENDIX  C :  DISTANCE  FIELD  ANALYSIS  –
L P H A  SHAPES  VERSUS  G R A P H  M E T H O D S  

he sampling of the distance field is a well-known and suggestive
ethod for quantifying the cosmic matter distribution probed by

he discrete distribution of haloes or galaxies. It is familiar in the
ontext of both halo and clump classification, as well as in a range of
echniques for assessing aspects of the spatial distribution of galaxies.
he FRIENDS-OF-FRIENDS algorithm (Davis et al. 1985 ; White, Cohn
 Smit 2010 ), and elaborations thereof (Behroozi, Wechsler & Wu

013 ), is a widely applied tool for the analysis of N -body simulations
nd identification of haloes. 

One of the earliest examples of its exploitation in the context of
he large-scale structure of the Universe is that of the percolation
nalysis by Zeldovich, Einasto & Shandarin ( 1982 ), seeking to
stablish aspects such as at which scale connected structures form
hat span the entire volume, or at which scale all points in a sample
et connected. A more intricately and uniquely defined structure is
hat of the Minimum Spanning Tree (MST), a construct stemming
NRAS 529, 4325–4353 (2024) 
rom graph theory. It links all points in a sample by means of a graph
ith a minimal total length. It has now a range of applications in the

nalysis of the cosmic galaxy distrib ution. Bha vsar and collaborators
Barrow, Bhavsar & Sonoda 1985 ; Graham, Clowes & Campusano
995 ) introduced MSTs to quantify the filamentary nature of the
alaxy distribution. Based on MSTs, Colberg ( 2007 ) developed a
ormalism to identify and classify the web-like distribution of haloes
nd galaxies, an approach that got further elaborated on by Alpaslan
t al. ( 2014b ). Their MST-based formalism has been applied for the
dentification of filaments and void regions in the GAMA survey
Alpaslan et al. 2014a ). 

Another approach to the use of MSTs concerns an assessment of
 range of statistical measures of the MST edge length distribution.
aidoo et al. ( 2020 ) used this in an attempt to quantify higher order

lustering properties. Bonnaire et al. ( 2021 ) also used aspects of
raph theory, and a keenly defined statistical procedure to regularize
he MST, to obtain a technique that identifies in particular the domi-
ant filaments in two- and three-dimensional galaxy distributions. 
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In the more general setting of graph theory , a range of studies have
een using the statistics of edges connecting the points in the spatial
article, halo, or galaxy distribution to extract clustering measures. 
tatistical moments of the edge length distribution are proposed to 
uantify aspects of the higher order spatial clustering of the sample 
oints. Expecting that these measures pertain to aspects of their web- 
ike distribution, network analysis is obtaining increasing attention 
Hong & Dey 2015 ; Hong et al. 2016 ; De Regt et al. 2018 ; Tsizh
t al. 2020 ) in large-scale structure studies. 

These applications underline the substantial amount of information 
ontained in the distance field, sampled by the mutual distances 
2024 The Author(s). 
ublished by Oxford University Press on behalf of Royal Astronomical Society. This is an Open
 https://cr eativecommons.or g/licenses/by/4.0/), which permits unrestricted reuse, distribution, and rep
etween the sample points. Nonetheless, it is through the unique, 
ransparent, geometrically and topologically ordered means by which 
lpha shapes are processing the vast information content of the 

ample point distribution, and the connections between the points, 
hat the measures extracted can be related to visually accessible and
opologically and geometrically meaningful information. They do so 
n an entirely natural fashion, without the need for ad hoc parameters
r fitting to heuristic mathematical structures. 
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